THE EXTREMAL FUNCTION FOR PARTIAL
BIPARTITE TILINGS

CODRUT GROSU AND JAN HLADKY

ABSTRACT. For a fixed bipartite graph H and given o € (0,1)
we determine the threshold Ty («a) which guarantees that any n-
vertex graph with at least Ty () (7) edges contains (1 —o(l))ﬁn
vertex-disjoint copies of H.

1. INTRODUCTION

The Turdn Theorem [12], the single most important result in Ex-
tremal Graph Theory, gives a sharp threshold, denoted ex(n, KX..), for
the maximum number of edges of an n-vertex graph with no copy of
K,. Even though the Turdn Theorem applies to any pair of values
n and r, the interesting instances are rather those when n is large
compared to r. Erdds and Stone [2] extended the result by deter-
mining the asymptotic behaviour of the function ex(n, H) for a fixed
non-bipartite graph H. The same problem in the case that H is a
fixed bipartite graph is — despite considerable effort — wide open
for most graphs H. Let us recall that when H has colour classes of
sizes s and ¢, s < t, then the Kovari-Sés-Turdn Theorem [8] asserts
that

ex(n, H) < O(n? %) = o(n?) . (1)

On the other hand, a standard random graph argument gives that
ex(n, Ks,t) Z Q(n2_(s+t_2)/(5t_1)).

It is natural to extend the above existential questions to tiling
questions. In such a setting one asks for the maximum number of
edges of an n-vertex graph which does not contain ¢ vertex-disjoint
copies of a graph H. This quantity denotes ex(n,£ x H). Erd6s and
Gallai [3] gave a complete solution to the problem in the case when
H — Kg.

Most of the work was done while JH was affiliated with TU Munich. JH would
like to thank the group of Anusch Taraz for nice environment. JH was partially
supported by Grant Agency of Charles University, grant GAUK 202-10/258009,
and by BAYHOST.

1



2 CODRUT GROSU AND JAN HLADKY

Theorem 1 (Erdés-Gallai, 1959). Suppose that £ < n/2. Then

ex(n, € x K) :max{(e—1)(n—e+1)+ (e;), (242_1>} |

Given n,z € N, z < n, we define the graph M, , as an n-vertex
graph whose vertex set is split into sets A and B, |A| =z, |B| = n—=z,
A induces a clique, B induces an independent set, and M, ,[A, B] ~
K, n—. The graph L, , is an n-vertex graph whose edges induce a

clique of order z. Obviously, e(M,,1) =(¢(—1)(n —£+ 1)+ (egl),

and e(Lp2-1) = (242_ 1). Moreover, it is easy to check that there are

not £ disjoint edges in either of the graphs M, ;_1, L, 2.1. Therefore,
when £ < 2n — O(1), the graph M, ,_, is (the unique) graph showing
that ex(n,dx Kp) > (L—1)(n—£+ 1)+ (‘3;1>. The graph L, 51 is
the unique extremal graph for the problem otherwise.

Moon [10] started the investigation of ex(n, £x K, ). Allen, Bottcher,
Hladky, and Piguet [1] only recently determined the behaviour of
ex(n,£ x K,) for the whole range of £ in the case r = 3, and they
made a substantial progress for larger values of r. Simonovits [11]
determined the value ex(n, £ x H) for a non-bipartite graph H, fixed
value of £ and large n.

Another density parameter which can be considered in the context
of tiling questions is the minimum degree of the host graph. That is,
we ask what is the largest possible minimum degree of an n-vertex
graph which does not contain £ vertex-disjoint copies of H. In the
case H = K, the precise answer is given by the Hajnal-Szemerédi
Theorem [4]. An asymptotic threshold for a general fixed graph H
was determined by Komlés [5].

In the present paper we determine asymptotic behaviour of the
function ex(n, £x H) for a fixed bipartite graph. Let H be an arbitrary
bipartite graph. Suppose that b: V(H) — [2] is a proper coloring of
H which minimizes [b7*(1)|. We define quantities s(H) := [67*(1)],
t(H) := |b-1(2)|. Obviously, s(H) < t(H), and s(H) + t(H) = v(H).
Further, define Vi (H) := b~!(1) and V3(H) := b7*(2). The sets Vi(H)
and V3(H) are uniquely defined provided that H does not contain a
balanced bipartite graph as its component; this will always be the
case in the rest of the paper.

Given s,t € N, we define a function T : (0,1) — (0, 1) by setting

T, (@) := max { jio‘t (1 - %) ,az} , 2)
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for & € (0,1). Note that Ty » = T, when s’ = ks and t' = kt. Also,
note that

T, .(a) <"2"> — ex <n 2 x Kg) +o(n?) . (3)
Our main result is the following.

Theorem 2. Suppose that H is a bipartite graph with no isolated
vertices, s := s(H),t :=t(H). Let o € (0,1) and ¢ > 0. Then there
exists an ng = no(s,t, a,e) such that for any n > ng, any graph G
with n vertices and at least Ts,t(a)@) edges contains more than
(1 —¢€);%n vertez-disjoint copies of the graph H.

Thus Theorem 2 asserts that ex(n,06n x H) < TS(H),t(H)(,B(s +
t))(;‘) + en? for any bipartite graph H with no isolated vertices,
e > 0 and large n. This asymptotically matches the lower bound
which comes — as in Theorem 1 — from graphs M, gs#x)»—1 and
Ly, g(s(H)+t(m))n—1- Note however that for most values of £ the graphs
M, gs(ryn—1 and Ly, g(s(#)+¢(H)m—1 are not extremal for the problem.
For example, we can replace the independent set in the graph

Ly, g(s(H)+¢(H))n-1

by any H-free graph. This suggests that a precise result is not within
the reach of current techniques.

The assumption on H to contain no isolated vertices in Theorem 2
is made just for the sake of compactness of the statement. Indeed, let
H' be obtained from H by removing all the isolated vertices. Then
there is a very simple relation of the sizes of optimal coverings by
vertex disjoint copies of H and H’ in an n-vertex graph G. Let z
and z’ be the number of vertices covered by a maximum family of
vertex-disjoint copies of H and of H' in G, respectively. We have

that /
o = min o07) | 5| i |

Our proof of Theorem 2 borrows ideas from [5].

If 7 is a family of graphs, and G is a graph, an F-tiling in G
is a set of vertex-disjoint subgraphs of G, each of them isomorphic
to a graph in F. If F = {H} then we simply say H-tiling. V(F)
denotes the vertices of G covered by an F-tiling F, and |F| = |V(F)|
is the size of the tiling F'. For n € N, we write [n] to denote the set

{1,2,...,n}.
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2. T'OOLS FOR THE PROOF OF THE MAIN RESULT

Our main tool is Szemerédi’s regularity lemma (see [7, 9] for sur-
veys). To state it we need some more notation.

Let G = (V, E) be an n-vertex graph. If A, B are disjoint nonempty
subsets of V(G), the density of the pair (A, B) is d(A, B) = e(A, B)/
(JA||B]). We say that (A, B) is an e-regular pair if |d(X,Y) —
d(A,B)| < e forevery X C A,|X|>¢|Aland Y C B,|Y| > ¢|B|.

The following statement asserts that large subgraphs of regular
pairs are also regular.

Lemma 3. Let (A, B) be an e-regular pair with density d, and let
A CA A >alAl,B'C B,|B'|>a|B|, a >¢e. Then (A',B’) is an
e'-reqular pair with ¢’ = max{e/a,2¢c}, and for its density d' we
have |d' —d| < €.

Let ¢ > 0 and d € [0,1]. An (e, d)-regular partition of G with
reduced graph R = (V', E') is a partition VoUViU. ..UV, of V with
Vo| < en, Vi = |V;| for any 1 <1 < j <k, V(R) = {Wi, V3,..., i},
such that (V;,V;) is an e-regular pair in G of density greater than
d whenever V;V; € E(R), and the subgraph G’ C G induced by
the e-regular pairs corresponding to the edges of R has more than
e(G) — (d + 3¢)n?/2 edges. In this case, we also say that G has an
(e,d)-reduced graph R, and call the sets V;,1 <1 < k, the clusters
of G.

The following lemma is a consequence of the so-called degree ver-
sion of the Regularity Lemma [7, Theorem 1.10].

Lemma 4 (Regularity lemma). For every € > 0 and m € N there
1s an M = M(e,m) such that, if G s any graph with more than
M wvertices and d € [0, 1] is any real number, then G has an (g, d)-
reduced graph R on k vertices, with m <k < M.

Given four positive numbers a, b, z, y we say that the pair a, b dom-
wnates the pair z, v, if max{z,y}/ min{z, y} > max{a, b}/ min{a, b}.
The following easy lemma states that K, ; has an almost perfect K ;-
tiling provided that a, b dominates s, t.

Lemma 5. For any s,t € N there ezists a constant C such that
the following holds. Suppose that the pair a,b € N dominates s,t.
Then the graph K,;, contains a K,.-tiling containing all but at
most C vertices of K, p.

Proof. If s = t then necessarily a = b. There obviously exists a
K ;-tiling containing all but at most C := 2(s — 1) vertices of K, ,.
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With no loss of generality, we may suppose that a < b and s < t.
Then as < bt and bs < at. A tiling with [ (bt — as)/(t* — s?)] copies
of K,; with the s-part of the K, placed in the a-part of the K,
and |(at — bs)/(t* — s*)| copies placed the other way misses at most
C:=2(s+1t— 1) vertices of K,p. O

The next lemmas, versions of the Blow-up Lemma [6], assert that
regular pairs have almost as good tiling properties as complete bipar-
tite graphs.

Lemma 6. For every d > 0,7 € (0,1) and any two graphs R and
H, there 1s an € = ¢(H,d,vy) > 0 such that the following holds
for all positive integers s. Let R, be the graph obtained from R
by replacing every vertex of R by s vertices, and every edge of R
by a complete bipartite graph between the corresponding s-sets.
Let G be the graph obtained simailarly from R by replacing the
edges with e-reqular pairs of density at least d. If R, contains an
H-tiling of size at least yv(R;) then so does G.

Lemma 7. For every bipartite graph H and every v,d > 0 there
exists an € = ¢(H,d,7y) > 0 such that the following holds. Suppose
that there is an H-tiling in K,, of size . Let (A, B) be an arbi-
trary e-regular pair with density at least d, |A| = a, |B| =b. Then
the pair (A, B) contains an H-tiling of size at least £ — y(a + b).

Finally, let us state a straightforward corollary of the Konig Match-
ing Theorem.

Fact 8. Let G = (AUB, E) be a bipartite graph with color classes
A and B. If G has no matching with  + 1 edges, then e(G) <
Imax{|A|, |B|}.

3. THE PROOF

In this section, we first state and prove the main technical result,
Lemma 9. Then, we show how it implies Theorem 2.

For s,t € N, we set F; 1= {K 4, K511, Ko} and Fy := {Kg 42,
Ko 1,10t Koty i)t K,}. Let us note that when s < ¢, the sizes of
the two color classes of any graph from F* := F; U F; dominate s
and t.

Suppose that F' is an K,.-tiling in a graph G, s < t. We say
that a pair of matchings Fy, By C E(G) is an F-augmentation if
By C Bo[V(G) - V(F), i(F)), B: C Bg[V(F)] and each copy of K,
in F' contains at most one vertex matched by E, and at most one
vertex matched by E;. Moreover, we require that if KX € F' contains
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a vertex matched by Ej, then it also contains a vertex matched by
E;.
The main step in our proof of Theorem 2 is the following lemma.

Lemma 9. Lett > s > 1,a € (0,1) and € > 0. Suppose G is an

n-verter graph with n > h(s,t,a,¢) and e(G) > Ts,t(a)(g), and F
15 a mazimum K, ;-tiling in G with |F| < (1 —€)an. Then there
erists an €' = €'(s,t,a,e) > 0 such that one of the following 1s

true:

(i) there exists an Fi-tiling F' in G with |F'| > |F|+ €'n, or
(1i) there exists an F-augmentation Ey, E; such that Ey con-
tains at least e'n edges.

Proof. Set

, 1 ea? gsa
g := = min : :
4 3t+1"(3t+1)(s+1)

and let h(s,t, o, €) be sufficiently large.

Suppose for a contradiction that the assertions of the lemma are
not true.

Set L := V(G) — V(F) and m := |L|. Let C := {Vi(K) : K €
F},D:={Va(K): K € F}and C :=C, D := JD. We call members
of C lilltputs while members of D are giants. We say that giant V2(K)
(K € F) is coupled with lilliput V;(K).

As F is a maximum K, ,-tiling in G, by (1) we have that

e(G[L]) = o(n?) . (4)

Let r be the number of copies of K ; in F. Thenr < (1—¢)an/(s+
t). Moreover, we have

m=n—(s+1t)r. (5)

Let us define an auxiliary graph H = (V', E’) as follows. The
vertex-set of H is V' .= CUDUL. Forany z € L and K € F
the edge zV1(K) belongs to E' iff Ng(z) N Vi(K) # 0. Similarly,
the edge zV5(K) belongs to E' iff Ng(z) N Vo(K) # 0. Finally,
for any distinct K, K’ € F the edge V2(K)Vo(K') belongs to E' iff
Eq(Va(K), V2(K')) # 0. The vertices L and the vertices C induce two
independent sets in H.

As (i) does not hold, H[L, D] does not contain a matching with at
least £'n edges. It follows from Fact 8 that

eq(L, D) < e'ntmax{m,r}. (6)
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Let M be a maximum matching in H[L,C] with [ edges. Obviously,
[ < r. By Fact 8, we have that

ec(L,C) <lsmax{m,r}. (7)

Let C' C C be the lilliputs matched by M. We write D' C D for the
giants coupled with C'. Set D' = J7D'.

Suppose for a moment that H[D'|UH|[D’, D —D'] contains a match-
ing T with at least ¢'n edges. Let D" be the giants matched by T
and M’ the set of edges in M matching the lilliputs coupled with D”.
Then M' and T give rise to an F-augmentation Ey, F; in G with
|Eo| = |M'| > |T'| > €'n, contradicting our assumption that (ii) does
not hold.

So H[D'|UH[D',D — D'] does not contain a matching with at least
e'n edges. Applying Theorem 1 and passing to the graph G, we get

t t
e(G[D]UG[D',D - D) < tex(r,e'n) + r <2> < ot%'nr + 7 <2> .

Therefore,
e(G[C U D]) =
= ¢(GID'|UG|D', D — D']) + e(G[D — D']) + e(G[C]) + e¢(C, D)
< 2t%e'nr + 7 (;) + (T ; l) 2+ (T;) + r2st (8)

Summing up the bounds (4), (6), (7), and (8) we get
e(G) = e(G[L]) + eq(L, D) + e¢(L, C) + e(G[C U D])
< o(n?) + te'n® + lsmax{m, r} + 2&'nrt?

+r (;) - (T ) l)tz +rist+ (T;)
2 o(n?) + ste'n? + 1 (;) Lrlst (r;)
+ max { (;) 2, rs(n — (s + t)r)}
< max { <(S i W), (rs> +rs(n — rs)} + (3t + 1)e'n?

2 2

< Ts (@) (Z) :

a contradiction. O
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Suppose G = (V, E) is a graph and r € N. The r-ezpansion of G
is the graph G' = (V', E’) defined as follows. The vertex set of G’
is V x [r]. For a,b € [r], an edge ((u,a), (v,b)) belongs to E' iff uv
belongs to E. Note that there is a natural projection ng : V! — V
that maps every vertex (u,a) from G’ to the vertex v in G. We are
interested in the following property of r-expansions. Suppose that
K is a copy of any graph from F* in G. Then 7' (V(K)) contains
a complete bipartite graph B with color classes of sizes s(K)r and
t(K)r. By Lemma 5 we can tile B almost perfectly with copies of
K, If F'is an F*-tiling in GG, we can apply the above operation on
each member K € F and obtain a new tiling F' — which we call
retiling — in the graph G'.

We are now ready to prove Theorem 2.

Proof of Theorem 2. Note that it suffices to prove the theorem for
H~ K.

We first deal with the particular case t = s. Set o := (1 — £/4)a.
Let €, = ;=(Tss(a) — Tsz(c')), and e, be given by Lemma 7 for
input parameters H, d := e; and vy := ae/8. Suppose that k, is
sufficiently large. Let M be the bound from Lemma 4 for precision
er := min{ey, €2} and minimal number of clusters ky. Let C be given
by Lemma 5 for the input parameters s,t. Fix ng > MC. Suppose
that G is an n-vertex graph, n > ng, with at least T :(«) (g) edges.
We apply Lemma 4 on G to obtain an (eg, d)-reduced graph R with
k clusters, ko < k < M. We have that

e(R) > (Ts:(a) —d — 3e1) (S)

= (Tool@) + 3(Toe(@) — (Toe(et)) (’;) Q ex (k %’“ . K2> |

ak

Therefore, R contains at least *~° independent edges. These edges
correspond to regular pairs in G which can be tiled almost perfectly
with copies of K ;, by means of Lemma 5 and Lemma 7. Elementary
calculations give that in this way we get a tiling of size at least (1 —
g)an.

Consequently we may suppose that £ > s. We first define a handful
of parameters. Set

o — 6 — 4e
C 63
Note that v = (1 — 2¢/3)a.

@, vi=(—-e/2d, d:= E(Ts,t(a) _T.(a)) .
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Let eg be given by Lemma 6 for input graph K., density d/2 and
approximation parameter y. We may suppose that g is sufficiently
small such that y(1 —er) > (1 —€)a and € < d/2. Let C be given
by Lemma 5 for input s, ¢. Further, let ¢’ and A be given by Lemma 9
for input parameters o’ and €/4. Set

pt ], o= ]

€ €
Let M be the upper bound on the number of clusters given by
Lemma 4 for input parameters A (for the minimal number of clusters)
and erp~9/2 (for the precision). Let ny > Mp? be sufficiently large.
Suppose now that G is a graph with n > ng vertices and at least

Tsyt(a)(’é‘) edges. We first apply Lemma 4 to G with parameters

egp~?/2 and h. In this way we obtain an (ezxp~?/2, d)-reduced graph
R with at least h vertices.

Let us now define a sequence of graphs R(®) by setting R(® = R
and letting R®) be the p-expansion of R* 1,7 =1,2,...,¢. Note that
e(RY) > T, (o) (“(ng for every ¢ € {0,1,...,¢}.

Let F() be a maximum K, ;-tiling in R® for « = 0,1,...,q. We
claim that

[F%| > min {% (1 _ g) "U(R(i))} | (9)

To this end it suffices to show that for any 7z > 1,

. . i () (1-1) ea’
(C1) if |[F*| > (1 — e/4)a’v(RUY), then U'(’j;@') =z v‘(b;%(i—“') I
and

(C2) if |F71 < (1 — g/4)a'v(REY), then v'g;g)') > v'é(z:f)') + g—;

In the case (C1), the retiling of F(-Y) in R(®) has size at least
(1 —¢/2)a'v(RM), thus proving the statement.

Consequently we may suppose that we are in case (C2). Apply
Lemma 9 to the graph R¢~1) and the tiling F(¢~1), with parameters
o' and /4.

Suppose first that assertion (i) of the lemma holds. Then R(~%)

contains an F;-tiling F with U(R|f|_1)) > v'g;::l))') +¢'. By retiling F, we

get a K, +-tiling in R®) with size at least |F|(p— C) > ic’'v(R®)/(2t),
thus proving the statement.

Suppose now that assertion (ii) of Lemma 9 is true. Then R(~Y
contains an F(*~Y)-augmentation E,, F; with |Ey| > e'v(RC). Let
r = p/t. We shall denote by T the t-expansion of R¢~% and by T'
the r-expansion of T'. Note that 7" is isomorphic to R(®.
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Let us build an F;-tiling in T' in the following way.

For every edge e = (u,v) € By with u € V(F¢~Y) we choose an
edge ¢’ = (v,v') in T with 7p(u') = u and 7p(v') = v . We shall
denote by w,. the vertex u’ corresponding to .

For every edge e = (u,v) € E; we choose a set S, of £ independent
edges in 77 (e).

For every K € F(~1) we shall also choose a subgraph K’ of T. We
distinguish the following cases. If K has no vertex matched by Ej
or Ey, then we let K' := T[rz'(K)]. If K has a vertex u matched
by E; but no vertex matched by E,, we let K' := T[ns (K — u)].
Then K' ~ K 1) Finally, if K has a vertex v matched by an
edge e € Fy and a vertex v matched by an edge in E;, we let K' :=
T[r7' (K — v)] — w.. Note that in this last case K’ ~ Kot 1, 1)t

It is easy to see that

F:={e:ec EJU{K :Kc F“Y}u ( U Se>
echH,
is an F»-tiling in T'. Moreover, we have that v|(F’1"’) > v|(FR((:11))|) + %' So
the retiling of F in T" has size at least |F|(r — C) > ie'v(R®)/(2t).
This proves (C2) and also (9).

Using Lemma 3, we may subdivide every cluster corresponding
to a vertex of R into p? equal-sized parts, by discarding some ver-
tices if necessary. This gives us an (eg,d/2)-reduced graph R'. By
construction R’ ~ R@. By (9), there is a K,-tiling F in R’ with
size at least (1 — ¢/2)a’v(R'). Let G’ be the subgraph of G in-
duced by the clusters corresponding to the vertices of R'. By ap-
plying Lemma 6 to R/, we see that G’ has a K ;-tiling of size at least
YU(G') > 7(1 — er)v(G) > (1 — €)av(G), and so does G.

This finishes the proof of Theorem 2. O
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