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Abstract

Using the formalism of flag algebras, we prove that the maximal
number of copies of C5 in a triangle-free graph with 5¢ + a vertices
(0 < a < 4)is £°7%(£ + 1)%, and we show that the set of extremal
graphs for this problem consists precisely of almost balanced blow-ups
of a single pentagon. This settles a conjecture made by Erdos in 1984.
For the transition from an asymptotic version of our result to the exact
one, we introduce a new technique based on replacing finite objects by
their infinite blow-ups which we expect to have further applications.

1. Introduction

Triangle-free graphs need not be bipartite. But how exactly far from being
bipartite can they be?

In 1984, Erdos [Erd84, Questions 1 and 2| considered three quantitative
refinements of this question. More precisely, he proposed to measure “non-
bipartiteness” by:
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(i) the minimal possible number of edges in a subgraph spanned by half
of the vertices;

(ii) the minimal possible number of edges that have to be removed to make
the graph bipartite;

(iii) the number of copies of pentagons (cycles of length 5) in the graph.

All these parameters vanish on bipartite graphs, and Erdés conjectured
that in the class of triangle-free graphs every one of them is maximized
by balanced blow-ups of the pentagon. Simonovits (referred to in [Erd84))
observed that another example which attains the conjectured extremum
for (i) is provided by balanced blow-ups of the Petersen graph.

The first two of the above Erdés’s questions have been investigated
in [EFPS88, Kri95, KS06]. Gyo6ri investigated the third question in [Gy&89].
In terms of densities, Erdés’s conjecture regarding (iii) states that the den-
sity of pentagons in any triangle-free graphs is at most 55—5', Gyori proved

an upper bound of 3321:’; that is within a factor 1.03 of the optimal. Firedi
(private communication) refined Gy6ri’s approach and obtained an upper
bound within a factor 1.001 of the optimal.

In this paper we completely settle this conjecture. Moreover, we prove
that an (almost) balanced blow-up of the pentagon is the only extremal
configuration, both in asymptotic and exact sense.

The proof of the asymptotic version of this result (Theorem 3.1) is a
rather standard Cauchy-Schwarz calculation in flag algebras (introduced
in [Raz07]). Furthermore, we obtain the asymptotic uniqueness by a rel-
atively simple argument in Theorem 3.2. But then in the proof of the exact
result our path substantially deviates from the standard approach based on
stability, removal lemmas, etc. (see e.g. [KS05, Pik09]). Instead of trying to
argue directly about finite graphs, we convert them into certain limit objects
(using the theory of flag algebras) using infinite blow-ups and then apply
to the resulting object the same analytical methods that were used in the
proof of Theorem 3.2. This allows us to obtain the exact result from the
asymptotic one basically for free. We feel that this general approach might
turn out to be interesting in its own right.

We assume certain familiarity with the theory of flag algebras from [Raz07]
(for the proof of the central Theorem 3.1 only the most basic notions are
required). Thus, instead of trying to duplicate definitions, we occasionally
give pointers to relevant places in [Raz07] and some subsequent papers.
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2. Preliminaries

2.1. Notation

We denote vectors with bold font, e.g. a = (a(l),a(2),a(3)) is a vector
with three coordinates. For every positive integer k, let [k] denote the set
{1,...,k}. Following [Raz07, Definition 1], for two graphs H and G, the
density of H in G as an induced subgraph is denoted by p(H,G). That is
p(H,G) is the probability that the subgraph induced on |V (H)| randomly
chosen vertices of GG is isomorphic to H.

Except for the stand-alone Section 2.2, we exclusively work [Raz07, §2]
in the theory Trp_graph Of triangle-free graphs. Recall from [Raz07] that
for a theory 1" and a positive integer n, the set of all finite models of T" up
to an isomorphism is denoted by M,,[T]. We work with the notion of types,
flags, and flag algebras, and use the same notation as in [Raz07, §2.1] where
this terminology is introduced. Let us list those models, types and flags that
will be needed in this paper.

Let p € Ma[Trr_Graph] and Cs € Ms[Trr_Graph] respectively denote the
edge and the pentagon. These two graphs along with two other graphs that
will be needed for proving the uniqueness and the exact result are illustrated
in Figure 1.

We denote the trivial type of size 0 by 0. Let P denote the type of size
5 based on Cf5 (see Figure 2). For i = 0, 1,2, let o; denote the type of size 3
with ¢ edges where the labeling is chosen in such a way that the permutation
of 1 and 2 is an automorphism (see Figure 2).

For a type o of size k and an independent set of vertices V' C [k] in o,
let FY; denote the flag (G, 8) € F7,; in which the only unlabeled vertex v is
connected to the set {0(i) |7 € V' }. Note that since we are working in the
theory of triangle-free graphs, we have

Fii1 = {Fy | V C [k] is an independent set in o}.
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Figure 2: Types

2.2. Infinite blow-ups and Hom™ (A°[TGapn], R)

In order to convert the asymptotic result into the exact one, we need to
explore a little bit more the connection between blow-ups of a graph and the
corresponding algebra homomorphism from Hom™ (A°[TGrapn], R) already
used in a similar context in [Raz08, Theorem 4.1].

For a finite graph G and a positive integer vector k = (k(v) |v € V(G)),
we define the blow-up G¥) of G as the graph with

ve®)y < | {o} x k()]

veV(G)

E(G®) € {((0,4), (w, )| vF#w A (v,w) € E(G)}.

When all k(v) are equal to some positive integer k, the corresponding
blow-up is called balanced and denoted simply by G*).

For every graph H, it is easy to see that the sequence {p(H,G®)}icn
is convergent. It follows [Raz07, §3] that there exists a homomorphism
o € Hom™ (A°[TGrapn), R) such that for every graph H, we have

Jim p(H,GW) = g (H).
Note that since the blow-up of a triangle-free graph is also triangle-free, if
G is triangle-free, then actually ¢ € Hom™ (A°[T'rp_crapn], R).

Let us now give a combinatorial description of ¢g. For a finite graph
H, let us denote by s(H,G) the number of strong homomorphisms from
H to G that we define as those mappings a : V(H) — V(G) for which
(a(v),a(w)) € E(G) if and only if (v,w) € E(H). This notion is a natural
hybrid of induced embeddings and graph homomorphisms, but we have not
seen it in the literature before. It is easy to check that

_ m! s(H,G)
~|Aut(H)| nm

¢G(H) ) (1)
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where m and n respectively denote |V (H)| and |V (G)|, and Aut(H) is the
group of automorphisms of H.

Let us say that H is twin-free if no two vertices in H have the same set of
neighbors. Every strong homomorphism of a twin-free graph into any other

graph is necessarily an induced embedding. Therefore, for twin-free H, we
have s(H,G) = p(H,G)(")|Aut(H)| and (1) considerably simplifies to
nn—1)...(n—m+1
oa(H) = p(ir, ) "=l 3 )

nm

For the partial case H = K, this formula was already used in [Raz08,
Section 4.1]), and in this paper we are interested in another partial case

5!

¢C5 (05) = 5

Our approach to extracting exact results from asymptotic ones heavily
relies on the fact that ¢ is a graph invariant:

Theorem 2.1 Let G and Go be finite graphs with the same number of
vertices and such that oG, = ¢g,. Then G1 and G2 are isomorphic.

Below we present a self-contained proof, even though Theorem 2.1 follows
from a celebrated result of Lovasz [Lov67]. We believe that our proof is
simpler.

Proof. Given a graph G, define the equivalence relation ~ on V(G) by
letting u =~ v if and only if © and v have the same sets of neighbors. Clearly,
all classes of this relation are independent sets in G and we can form the
factor-graph ¥ a / =. Note that G is twin-free and G = G®, where k is
the vector of cardinalities of equivalence classes. This factorization of every
finite graph as a blow-up of a twin-free graph is unique.

Let G1 and G5 be as in the statement of the theorem, and G = 671

and Go = évg(kQ)/l\)/e their corresponding representations. Clearly ¢g, (671) >
0 and thus ¢g,(G1) > 0 which by (1) implies s(G1,G2) > 0. In particular
there exists at least one strong homomorphism from G; to G2. Composing
this strong homomorphism with the natural projection Go — G4 (that s
also a strong homomorphism), we obtain a strong homomorphism from G
to évg Since évl is twin-free, this implies that it is an induced subgraph of
672. By the same token, évg is an induced subgraph of év'l, and hence they
are isomorphic.

(k1)



So far we have established that there exists a twin-free graph G such
that G; = G&1) and Gy = G&2) for two nonnegative vectors k; and ko
with ||ki|l1 = ||kz]||1. Next we need to show that the vectors k; and ko also
coincide up to an automorphism of G. To this end, consider the blow-up
é(x), where x is an unknown vector of positive integers. By (1), we have

5 (@09, G0 = 5 (G0, G0) (3)

Since G s twin-free, it is easy to see that all strong homomorphisms from
G™) to Gk1) regult from automorphisms of G, and thus for i = 1,2, we have

3(§(X)7é(ki)): Z H ki(y(v))x(”).

veAut(G) veV (G)

Hence (3) in particular implies that for all positive integer vectors x, we
have

S I k)@= Y I k(@) =0. ()

~vEAUL(G) vEV(G) vEAUL(G) veV(G)

We claim that then the left-hand side of (4) must be syntactically equal

to zero, that is there exists a bijection b : Aut(G) — Aut(G) such that
ki(7(v)) = ka(b(7)(v)) for each v € V(G) and v € Aut(G). This indeed
finishes the proof as then b(id.) provides an isomorphism between G and
G5. Now to prove the claim suppose to the contrary that such a bijection b

does not exist. Then the left-hand side of (4) can be written as

h h
L.H.S. of (4) = Zai H a;(v)*W) = Zai exp Z x(v)Ina;(v) |,

=1 wev(@) veV(G) 5
5

for a positive integer h, distinct positive integer vectors a;, and not all equal
to zero coefficients «; € R. Choose an arbitrary positive integer vector xg
such that the sums >, xo(v)Ina;(v) (where 1 < ¢ < h) are all distinct.
Since all these sums are non-negative, setting x = txq for a sufficiently large
integer t creates a dominant term in (5). This shows that (5) is not always
equal to zero; a contradiction.m

3. Main results

Recall [Raz07, Definitions 5 and 6] that for a non-degenerate type o in a
theory T', and f,g € A?[T], the inequality f <, ¢ means that ¢(f) < ¢(g)



for every ¢ € Hom™(A’[T],R): this is the class of all inequalities that
hold asymptotically on flags of the given theory [Raz07, Corollary 3.4]. We
abbreviate f <, q to f < q when ¢ is clear from the context. Our first
theorem, which answers the question of Erdds, says that in the theory of
triangle-free graphs, we have Cy < 55—; Note that while in the theory of
general graphs, the flag C5 corresponds to induced pentagons, in the theory
of triangle-free graphs, every pentagon is induced.

Theorem 3.1 In the theory Trr_Graph, we have

51
C5 < 2=

Proof. The proof is by a direct computation in the flag algebra
AP [Trp_Grapn] (cf. [Razl0a, HKN09] and [Raz10b, Section 4.1]). We claim
that

1097

68 SN
62500C5 + ?MAL 305 + (%[{Qal(g@ )]]m) +

2\ 2 _ o o
200 (p ) +1Q7, (&7 + 1552661 FF7, ~ F3)To < 2400, (6)

The graphs M, and Cy are illustrated in Figure 1. For the definition of
the algebra operations see [Raz07, Eq. (5)], and for the definition of the
averaging operator [-] see [Raz07, §2.2]. Let us now define the notations
gj/ and Qj/_ in (6). For a type o of size k and an integer 0 < j < k, we
let
f5 o Z {F{ |V C [k] an independent set of size j in o},

where F{; are as defined in Section 2.1. The vectors g;r/ a
tuples of elements from A7

are the following

sf E (f0- £, —2f§0+3f );

gl T2 -7 T FT);

gf = (6fF —Af3 ,2f82—2f2 + F73);
g = (Fl) - F{?}’ Foay = Fisy):



and Qj-/ ~ are positive-definite quadratic forms represented by the following
positive-definite matrices:

D760 295 13900  —671 —12807
MO“‘Gf( ) M| —671 31334 51136

2252 592
—12807 —51136 98157

My
? —40788 78132 —16452 256488

The inequality (6) can be checked by expanding the left-hand side as a linear
combination of elements from M3 (that is, triangle-free graphs on 5 vertices
— there are 14 of them) and checking that all coefficients are less or equal
than 2400.

It follows from [Raz07, Theorem 3.14] that all the summands on the
left-hand side of (6) are nonnegative as elements of A°[T’rp_Grapn] Which in

turn implies that C5 < 259 = 5!/5°.m

22708  —40788 wr [ 1416 —16452
My < .

Remark 1 An explanation of our usage of the +/— superscripts in the
proof of Theorem 3.1 can be found in [Razl0a, Section 4|. Here, the par-
ticular choice of subspaces spanned by the vectors g;r/ ~ is dictated by the
same principles as in [Raz10a, Section 4].

Let us now turn to the question of uniqueness, and we begin with the
asymptotic version. Note that while Theorem 3.1 is subsumed by our exact
result (Theorem 3.3 below), Theorem 3.2 is not.

Theorem 3.2 The homomorphism ¢c, s the wunique element in
Hom™ (A°[T'rp_Grapn], R) that fulfills

5!

¢(Cs) = 5

(7)

Proof. Fix ¢ € Hom™" (A%[Trr_Grapn), R) such that (7) holds. Then (6)
implies that
¢(My) = ¢(Cy5) = 0. (8)

Recall that P is the type of size 5 based on C5 (see Figure 2). Pick an
arbitrary ¢ € Hom™ (A [Trp_grapn), R) from the support of the measure
P? (see [Raz07, Definition 8]). Let us examine ¢* (F},) for flags FY € FE.



Since V' is an independent set in C5, we have |V| < 2, and moreover, if
V| =2, then V = {i — 1,i + 1} for some i € Zs. Trivially [F]p < Cj,
and there exists a constant o > 0 such that [Ff }]] p < aM, for every
i € Zs. Hence (8) implies that ¢([Fj ] p) = ¢([F 7J}]]p) = 0, and furthermore,

since ¢ belongs to the support of the measure PF, it follows from [Raz07,
Eq. (17)] that ¢* (F}) = ¢P(FP. ) = 0. In other words, ¢’ (FY') can be non-

zero only when V = {i — 1,7 + 1} for some i € Zs. Define Hf = © pp

{i—1,i+1}
and p; def ¢F (HF) so that > iz Di = 1.

Recall from [Raz07, §2.3.1] that ¢(C5) = ¢* (77 (C5)) where 77 (Cs) can
be represented as the sum of those F' = (G, ) € Fi, for which the unlabeled
vertices form a copy of Cs, say V(G) \ im(0) = {ful, vg,...,Us} where vj is
adjacent to vj_1 and vjy1. By the above discussion, non-zero contributions
to ¢’ (¥’ (Cs)) can be made only by those F for which every v; is adjacent
to 0(i(j)—1) and 0(i(j)+1) for some choice of i(j) € Zs. Since G is triangle-
free, the mapping j +— i(j) defines a graph homomorphism of the pentagon
into itself, and since there are no such graph homomorphisms other than

isomorphisms, we may assume without loss of generality that every v; is
adjacent to 6(j — 1) and 6(j + 1). In other words F = (0(2)) , where
(Cé2)) is the uniquely defined P-flag based on C< ) the blow-up of the

pentagon.
Since
()P <p 51 [ HF, ()
1E€7Ls5
we have
|
55 = §(C5) = o7 (77(C5)) = o7 (CS)T) < 51 [] o7 (HD).

1€ZLs

Consequently, we obtain that [[;cz. pi > 57°. By the inequality of arith-
metic and geometric means, this implies p; = 1/5 (for all i € Z5) and that
there is no slackness in (9):

(5! [ B - c)” ) = 0. (10)

1E7L5

This equality allows us to completely describe the behavior of ¢ also on
FP. Fori,j € Zs, let Hf;- € F¥ be defined by adding two unlabeled non-
adjacent vertices to P and connecting one of them to 6(i — 1) and 6(i + 1)



and the other to #(j — 1) and 6(j + 1). Note that if i = j or (¢,4) & E(P),
then the product HPHP is equal to quZI;, where ¢;; = 1 if i = j, and
¢ij = 1/2 otherwise. Hence in this case ¢P(H£) = -2—. On the other

25q;;
hand, if (i,5) € E(P), then

2
B I HP <p 5 [[ B - ()P
keZs\{i,5} 1€Ls5

which together with (10) implies that ¢* (H 5. ) = 0. It follows that ¢P(G£) _
—25}1@’ where GZ- is defined similar to H£ with the difference that now there

is an edge between the unlabeled vertices. As Zng(Hi];) + Z¢(G£) =1,
we have ¢(F) = 0 for any other flag F € F¥.

With this knowledge in hand, for any fixed graph H on n vertices we
can compute ¢(H) as follows. Similarly as above we can write ¢(H) =
¢¥ (7" (H)). We expand ¥’ (H) in AL, . For a homomorphism h : H — Zs
of H to C5 (with its vertices labeled cyclically), we write F¥ for the P-flag

(G,0) € FL,,, where the unlabeled vertices V' o V(G)\im(0) induce a copy
of H, and each vertex v € V' is adjacent only to 6(h(v) —1) and 0(h(v)+1).
The same reasoning as in the special case H = Cs gives that ¢ evaluates
to zero at any term F' € ngn in the expansion of 7 (H), unless F = FF
for some homomorphism h : H — P. Furthermore, as ¢" (Hi];- ) = 0 for
(i,j) € E(P), we actually have that h must be a strong homomorphism in
this case. Observe that

PP
¢ g;h) _ 4P ( 11 H}J;@)) _ 5 (11)

veV (H)

for each strong homomorphism h : H — P, where C}, is the multinomial
coefficient,

[L=H D)L [RH2) [RHE)] [RH()] [hH(5)]
It is easy to see that (11) holds when ¢* is replaced by ¢g5. Therefore
® = ¢c, as claimed.m

For an integer n > 5, let £(n) be the class of almost balanced blow-ups
of the pentagon with n vertices. In other words, £(n) consists of all graphs

C(kl’ +%5) where > ies) ki = nand |k;—k;| < 1foralli, j € [5]. If n = 5l+a,
then the number of pentagons in every G € &(n) is exactly

x(n) € o 4 1)

10



Theorem 3.3 below asserts that each triangle-free graph G on n vertices
contains at most x(n) pentagons. Observe that a weaker upper-bound
of (2)° follows by applying Theorem 3.1 on the infinite blow-up ¢ €
Hom™ (A°[Trp_Grapn], R). This bound is sharp when n is a multiple of five
as x(n) = (%)° in this case.

Theorem 3.3 FEwvery triangle-free graph G with n vertices has at most x(n)
pentagons, with the equality attained if and only if G € £(n).

Proof. Fix a triangle-free graph G with n vertices, and apply the argument
in the proof of Theorem 3.2 to the homomorphism ¢5. Note that by the
nature of ¢g, for any type o with ¢ (o) > 0, the measure P? is concentrated
in finitely many points, corresponding to strong homomorphisms from o
to G. Furthermore for every such point ¢° and every flag F' € |‘(’7| ey
the value ¢7(F) is a multiple of 1/n. In particular, this is true for the
flags HY (defined in the proof of Theorem 3.2) which allows us to draw a

slightly better conclusion from (9). Namely, denoting again ¢*’(H}") by p;,

we see that ;¢”((Cy (2 )) ) does not exceed the value of the following integer
program:
Max  pip2...ps
subject to p1,...,p5 € {O,%,%,...,”—_l,l};

p1+p2—|—...+p5:1.

Every optimum of this program must satisfy p;—p; < % for any pair 7, j € [5],
as otherwise the value of the goal function could be increased by setting
Di = i —|— and p; = p; — E Hence the optimal value is equal to X ( ), and
the only extremal points are obtained by setting exaetly 5 —a of pl, ..y D5
to £ and the other a to £1. Consequently, ¢g(Cs) < 'X( ). Now from (2),
we conclude that

no

1
W1 (=1 9c(Cs) < <5> x(n)

which proves the first part of the theorem.
For the second part, once we know that there is no slackness in (9),
we can literally repeat the rest of the proof with the difference that ¢g is

simulated not by ¢¢., but by ¢ where G' = def C(p 1psn) o g (n). Then
G ~ G’ follows from Theorem 2.1.m

p(C5,G) =

11
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