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A conjecture on rainbow connectivity
By John Gimbel

University of Alaska

Abstract

We show that if G is a graph of order n>3 with minimum degree at least %4_ log,(n) -1 then

the edges of G can be colored with two colors so that every pair of vertices is joined by a path
having distinct colors on each edge.

Introduction. In the following all graphs will be finite and simple, that is with no loops, arcs nor
multiple edges. For undefined terms and concepts the reader is referred to [2]. In this missive,
a coloring will be an assignment of colors to the edges of a graph. We will say a pathin a
colored graph is rainbow if each edge in the path is assigned a distinct color. A coloring of a
graph is rainbow connected if each pair of distinct vertices is joined by a rainbow path. This
missive is motivated by the problem: is there a constant ¢ with the property that any graph of
order n with minimum degree at least % + ¢ can be rainbow connected. Professor Xueliang Li

asked this in a private communication and it appears in [1]. We do not answer this question
but would like to offer the affirmative answer as a conjecture. It is unknown if the conjecture is

. . 1 .
true even in the case where c=0. We can, however, note that if true, CZ_E' So essentially ¢ must
be nonnegative. We establish this with two constructions.

First, we note that if G can be rainbow colored with k colors then k must be at least as large as
the diameter of G. Hence, if G is the complete bipartite graph Km,m minus an edge, it cannot be
rainbow colored with only two colors. In this example, with order n=2m, we see that the
minimum degree of G is%— 1.

For odd values of n consider the following. Let A and B be disjoint sets of m vertices that induce
cligues. Add adjacent vertices u and v where u is adjacent to all vertices in A and v is adjacent
to all vertices in B. Now add one more vertex w that is adjacent to all vertices except u and v.
Note that this graph cannot be rainbow connected with just two colors. Further, the order is
n=2m+3. The minimum degree is m+1=(n-1)/2.

While it is unclear if the previous conjecture is correct, the following shows that the constant
can be replaced with a slowly growing function.



Theorem. If G is a graph of order n>3 with minimum degree at least %+ log,(n) =1 then G

has a rainbow connected coloring with two colors.

Proof. Suppose G is such a graph. If n=3 then G has minimum degree two and is thus complete.

In which case, we reach our desired conclusion. So suppose n>4 and let G be a graph with

minimum degree at least - 4 log,(n) — 1. Let us two color the edges of G with colors red and
2

blue so that each edge is colored red with a probability of one half.

Let us say a pair of vertices is “bad” if there is no rainbow path that connects them. Otherwise,
we will say the pair is “good.” We will show that the expected number of bad pairs is less than
one. Hence, there must be some coloring where no bad pair is present.

Suppose u and v are a pair of distinct vertices in G. If u and v are adjacent, then clearly there is
a rainbow path joining them. So suppose u and v aren’t adjacent. By the Inclusion-Exclusion
Principle, these vertices have at least 21og () neighbors in common.

Suppose w is a common neighbor. The probability that uw and vw share the same color is one

210g2( n) |

half. Accordingly, the probability and u and v are bad is at most (l) —. Hence, the
2 n2
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expected number of bad vertices is at most ( ) )—2 <1. Thus, our desired conclusion.
n
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Author's Note. Since this manuscript was submitted, the author has learned of similar work
performed in [3].



