UNIVERSAL TOPOLOGICAL UNARY VARIETIES

V. Koubek

Abstract. For a regular variety Vof unary algebras, we consider the category PAR(V) whose objects are algebras from Vendowed by connected paracompact topology in which all operations are continuous, and whose morphisms are all continuous homomorphisms between these algebras. Then PAR(V) is a universal category (a category K is universal if any concrete category has a full embedding into K) if and only if Vcontains an algebra A with no singleton subalgebra and such that the identity is the only derived operation of A which is also an endomorphism of A.

R. Frucht [8] proved that any finite group is isomorphic to the automorphism group of a finite graph. This is the first result of a “universal representation” of an algebraic structure by morphisms of some mathematical structure. This fact was generalized by G. Birkhoff [3] to a representation of groups by automorphisms of distributive lattices and by G. Sabidussi [29] who proved that any group is isomorphic to the automorphism group of a graph. The natural generalization is to replace groups by monoids and automorphisms by endomorphisms. The pioneering papers in this direction are due to Z. Hedrlín and A. Pultr [14] and [15] who showed that any monoid is isomorphic to the endomorphism monoid of a graph, and to M. Armbrust and J. Schmidt [2] who proved that any monoid is isomorphic to the endomorphism monoid of an algebra. An effort to represent monoids as endomorphism monoids of other mathematical structures led to the following generalization. A category K is alg-universal if any category of algebras and all homomorphisms between them is isomorphic to a full subcategory of K. The first known examples of alg-universal categories are due to Z. Hedrlín and A. Pultr. They proved that categories of all directed graphs and of all undirected graphs are alg-universal [14], and that the category of all algebras of a given type Δ and all their homomorphisms is alg-universal if and only if the sum of all arities in Δ is at least 2, [16]. Many other conventional categories are alg-universal, for example the variety of semigroups [13], the variety of rings [6], the variety of (0, 1)-lattices [10], the category of all integral domains of characteristic zero [7], the variety of de Morgan algebras [1]. A representative list of alg-universal categories is given in the monograph by A. Pultr and V. Trnková [27]. More recent results give a complete characterization of all alg-universal varieties in certain classes of varieties. The first result of this kind is due to J. Sichler [30]

1991 Mathematics Subject Classification. 18B15, 54H99, 08A60, 54D20, 54D05. Key words and phrases. unary topological algebra, variety of algebras, universal category, paracompact space, connected topological space, continuum.

Financial support of the project LN00A056 of The Ministry of Education of the Czech Republic and of the Grant Agency of the Czech Republic under the grant no. 201/99/0310 are acknowledged.

Typeset by AMS-TEX 1

who characterized all alg-universal varieties of unary algebras. Another result says that a variety of semigroups is alg-universal if and only if it contains all commutative semigroups and fails the identity (xy)^n = x^ny^n for all n > 1 [22], or that a variety of (0, 1)-lattices is alg-universal if and only if it contains a simple (0, 1)-lattice with at least three elements or equivalently, just when it contains a lattice with at least three elements and no prime ideal, [9]. Furthermore, the alg-universal varieties of finitely generated double p-algebras [23], the alg-universal varieties of bands with added constants [5], the alg-universal varieties of semigroups with an added unary operation of generalized inverse [21] were characterized.

The fact that many conventional categories are alg-universal leads to an investigation of properties of alg-universal categories. A combination of results of Z. Hedrlín and A. Pultr shows that any monoid can be represented as an endomorphism monoid of a K-object for any alg-universal category K. This fact was strengthened by Z. Hedrlín and J. Sichler to

Theorem 1. [17] or [27] Let K be an alg-universal category and let M be a monoid. Then (1) there is a proper class of non-isomorphic K-objects whose endomorphism monoids are isomorphic to M;

(2) for any cardinal α there exists a set C of a cardinality α consisting of K-objects such that endomorphism monoid of any object from C is isomorphic to M and there exists no K-morphism between distinct objects from C. �

This fact is often used in proofs that a category is not alg-universal. Another important properties of alg-universal categories were stated by J. Rosický [28] and V. Koubek and J. Sichler [24] and [25].

The category K is called universal if any concrete category can be fully embedded into K. Clearly, any universal category is also alg-universal. Z. Hedrlín and L. Kučera [27] proved that the reverse implication is true under the validity of the set axiom

(M) there exists only a set of measurable cardinals.

L. Kučera and A. Pultr [26] then showed that the set axiom (M) holds if and only if the category of all graphs is universal, or equivalently, exactly when a variety of algebras is universal. On the other hand, L. Kučera [27] proved that a category of all hypergraphs is universal without the assumption of any special set axioms. Another example of universal category is the category of all topological spaces and continuous open mappings, see [27]. A list of known universal categories is substantially shorter than a list of alg-universal categories and contains only a few conventional categories. Any universal category satisfies Theorem 1 because it is alg-universal. In fact, any universal category K fulfils the following stronger form of Theorem 1, [27]: if M is a monoid then there exists a proper class of Kobjects whose endomorphism monoids are isomorphic to M and there exists no K-morphism between any two distinct objects from this class.

The question asked by J. R. Isbell [19] whether or not there exists a full embedding of the category of Hausdorff spaces and continuous mappings into some category of algebras and all their homomorphisms is closely related to the relation between alg-universality and universality. From the foregoing results we obtain that the category of all Hausdorff spaces and continuous mappings has a full embedding into a category of algebras and all their homomorphisms if and only if the set axiom (M) holds.

The category TOP of all topological spaces and continuous mappings is neither universal nor alg-universal. Indeed, any constant mapping is continuous, and hence any rigid topological space (an object is called rigid if its endomorphism monoid consists of the identity mapping alone) has at most one element. Thus TOP is not alg-universal and therefore nor universal, by Theorem 1. On the other hand, the author of this paper showed that there exists a class C of paracompact connected spaces such that the class C and all nonconstant continuous mappings between the spaces from C form a universal category (thus non-constant continuous maps between them are closed under composition), see [20]. Analogous results were proved by V. Trnková; for example, she proved that there exists a class C of connected compact Hausdorff spaces such that C and all non-constant continuous mappings between the spaces from C form a dually alg-universal category [31], and that there exists a class C of connected metric spaces such that C and all non-constant continuous mappings between the spaces from C form an alg-universal category. These facts motivated V. Trnková to ask whether topological varieties can be universal. First we give several notions to formalize this question. We say that A = (A, {ω_A | ω ∈ Δ}, τ ) is a topological algebra of type Δ if (A, {ω_A | ω ∈ Δ}) is an algebra of type Δ, (A, τ ) is a topological space and all operations ω_A : A^α −→ A with ω ∈ Δ are continuous with respect to the product topology on A^α (α is the arity of the operation symbol ω ∈ Δ). Let V be a variety of algebras of a given type Δ. Then TOP(V) is a category formed by all topological algebras A = (A, {ω_A | ω ∈ Δ}, τ ) of type Δ where (A, {ω_A | ω ∈ Δ}) belongs to V and all continuous homomorphisms between them. The category TOP(V) is called a topological variety, and we say that TOP(V) is a topologization of V. Trnková’s question may then be formalized as follows:

Characterize those varieties V of algebras for which TOP(V) is universal. In [33], V. Trnková proved that TOP(SEM ) is universal for the variety SEM of all semigroups.

An endomorphism f of an algebra A is called internal if f is constant or f is a derived operation of A other that the identity. We say that a variety V of algebras has internal endomorphisms if there exists a cardinal α such that every algebra A from V of cardinality at least α has an internal endomorphism. Then, by Theorem 1, TOP(V) can be neither universal nor alg-universal because any rigid topological algebra from TOP(V) has a size at most α. We prove that for topological regular varieties of unary algebras this poses the only obstacle to universality.

To formulate the main result, we need to give several notions. For a type Δ, let A (Δ) denote the category of all algebras of type Δ and all their homomorphisms, and let Δ_0 and Δ_1 denote the respective collections of nullary and unary operation symbols ω ∈ Δ. Any type Δ = Δ_0 ∪ Δ_1 will be called unary, and any algebra A of type Δ a unary algebra.

Let Δ = Δ_0 ∪ Δ_1 be a unary type. Then the monoid freely generated by Δ_1 consists of all derived unary operations in A (Δ) (and also in A (Δ_1 )). Any variety of algebras is described by the identities satisfied in all algebras in the variety. All identities of type Δ can be divided into these four types:

(i) γ_1(ω_1) = γ_2(ω_2) where γ_1 and γ_2 are derived unary operations and ω_1, ω_2 ∈ Δ_0; (ii) γ_1(ω_1) = γ_2(x) where γ_1 and γ_2 are derived unary operations, ω_1 ∈ Δ_0 and x is a variable;

(iii) γ_1(x) = γ_2(x) where γ_1 and γ_2 are derived unary operations and x is a variable;

(iv) γ_1(x) = γ_2(y) where γ_1 and γ_2 are derived unary operations and x and y are distinct variables.

A variety V ⊆ A (Δ) of unary algebras is regular if all identities satisfied in V are of type (i) or (iii). If V is a variety of unary algebras, then the relation ∼ on the monoid freely generated by Δ_1 defined by

α_1 ∼ α_2 iff the identity α_1(x) = α_2(x) holds in V

is a monoid congruence. Let Mon(V) be the quotient monoid of the free monoid over Δ_1 by the congruence ∼ and let UOp(V) be the underlying set of Mon(V). Then UOp(V) is the set of all distinct derived unary operations of V, and the monoid operation of Mon(V) is their composition. For a variety V of unary algebras over Δ, let R(V) denote the variety over Δ_1 satisfying exactly the identities of type (iii) that are satisfied in V. Then Mon(V) = Mon(R(V)).

Let K be a full subcategory of TOP and let V be a variety of algebras. Then K(V) is a full subcategory of TOP(V) formed by all topological algebras A = (A, {ω_A | ω ∈ Δ}, τ ) from TOP(V) with (A, τ ) ∈ K. Let PAR denote the full subcategory of TOP formed by all paracompact connected spaces. The aim of this paper is to prove Theorem 2 below.

An algebra is nontrivial if it has at least two elements.

Theorem 2. For a regular variety V of unary algebras the following are equivalent:

(1) PAR(V) is universal; (2) TOP(V) is universal; (3) PAR(V) is alg-universal; (4) TOP(V) is alg-universal;

(5) PAR(V) has a proper class of non-isomorphic rigid topological algebras; (6) TOP(V) has a proper class of non-isomorphic rigid topological algebras; (7) PAR(V) has an arbitrarily large rigid topological algebra; (8) TOP(V) has an arbitrarily large rigid topological algebra; (9) V does not have internal endomorphisms;

(10) either Δ_0 ≠ ∅ and V contains a nontrivial algebra A generated by ∅, or else Δ_0 = ∅

and V contains a nontrivial algebra A with no internal endomorphisms.

This result motivates the following three open problems (here C OM P is the full subcategory of TOP formed by all compact Hausdorff spaces)

Problem 1. Characterize universal topological varieties of unary algebras.

Problem 2. Is there a topological variety TOP(V) that is not universal and V does not have internal endomorphisms?

Problem 3. Is there a variety V such that C OM P(V) is universal?

We believe that the statements (2) and (9) from Theorem 2 are equivalent for any variety of algebras, that Theorem 2 is true for all unary varieties, and that the second problem has negative solution.

We give several examples illustrating Theorem 2. Let Δ be a unary type with exactly one operation symbol then TOP(V) is not universal for any subvariety V (not only regular)

of A (Δ). Indeed, if Δ = Δ0 = {ω}, then V has an internal endomorphism (any constant

mapping to the value of ω is a homomorphism). If Δ = Δ_1 = {ω}, then V has internal endomorphisms because ω_A is an endomorphism of any algebra A of type Δ. On the other hand, if Δ consists of two operation symbols, then TOP(A (Δ)) is universal regardless of the arities of the operational symbols. In addition, TOP(V) remains universal if V is the variety of type Δ consisting of one nullary operation symbol and one unary operation symbol ω that is an involution or an idempotent (both varieties are regular, the first variety is determined by the identity ω^2(x) = x, the second one by the identity ω^2(x) = ω(x), and the algebra freely generated by ∅ in either variety is nontrivial).

By Theorem 1 and from definitions, we immediately obtain that (1) =⇒ (2) =⇒ (4) =⇒ (6) ⇔ (8) =⇒ (9) =⇒ (10) and (1) =⇒ (3) =⇒ (5) ⇔ (7) =⇒ (9), and thus it remains to prove (10) =⇒ (1). In fact, we prove the stronger version of the implication (10) =⇒ (1). For this purpose we generalize the notion of topologization of a variety. Let K be a concrete category with a forgetful functor Λ : K −→ SET such that K has products and Λ preserves them. A K-algebra of type Δ is a pair (A, B = (U, {ω_B | ω ∈ Δ})) such that A is a K-object with ΛA = U, B is an algebra of type Δ and for every ω ∈ Δ there exists a K-morphism ω_A : A^α −→ A where α is the arity of ω with Λω_A = ω_B. We say that a K-morphism f : A −→ A^′ is a K-homomorphism from a K-algebra (A, B) to a K-algebra (A^′, B^′) whenever Λf is a homomorphism from B to B^′. Then all K-algebras and all K-homomorphisms form a category K(A (Δ)). If V is a variety of algebras of type Δ, then

K(V) is a full subcategory of K(A (Δ)) formed by all K-algebras (A, B) with B ∈ V. We

then say that K(V) is a K-variety of V. Let C L be a category of all connected paracompact topological spaces and continuous closed mappings. Clearly C L is a subcategory of TOP and also of PAR (but not full subcategory). We prove

Theorem 3. Let V be a regular unary variety of type Δ such that either Δ_0 ≠ ∅ and V contains a nontrivial algebra generated by ∅, or else Δ_0 = ∅ and V contains a nontrivial algebra with no internal endomorphism. Then any subcategory K of PAR(V) containing

C L(V) is universal.

The remainder of the paper is devoted to the proof of Theorem 3 because the implication (10) =⇒ (1) follows from Theorem 3.

Next we recall several familiar properties of regular varieties of unary algebras and graphs. Graphs play an important role in the theory of embeddings and in a description of unary algebras. A graph is a pair (X, R) where X is a set and R ⊆ X × X (in literature, a graph is often called a directed graph or a digraph), elements of X are called nodes, elements of R are called arcs. The arc (x, x) for some x ∈ X is called a loop. We say that a graph (X, R) is connected whenever for any pair of nodes x and y of X there exists a finite sequence x = x_0, x_1, . . . , x_n = y such that (x_i, x_{i+1}) ∈ R or (x_{i+1}, x_i) ∈ R for all i = 0, 1, . . . , n − 1. antireflexive whenever (x, x) /∈ R for all x ∈ X; reflexive whenever (x, x) ∈ R for all x ∈ X;

antisymmetric whenever (x, y) ∈ R and (y, x) ∈ R imply x = y.

For a graph G = (X, R), let G^0 = (X, R^0) denote the reflexive closure of G, i.e., R^0 =

R ∪ {(x, x) | x ∈ X}. We say that a unary algebra A = (Z, {ω_A | ω ∈ Δ}) over a type Δ is connected if the graph (Z, {(x, ω_A(x)) | x ∈ X, ω ∈ Δ is a unary operational symbol}) is connected.

Let M = (M, ·) be a monoid. Then a mapping f : M −→ M is called an inner left translation (or an inner right translation) of x ∈ M whenever f(m) = x·m (or f(m) = m·x, respectively) for all m ∈ M. For a variety V of unary algebras over Δ, let M_V denote the set of all inner left translations of Mon(V), and for γ ∈ UOp(V), let ϕ^V_γ (or ψ^V_γ ) denote the inner left translation (or the inner right translation) of γ in Mon(V), thus ϕ^V_γ (β) = γ ∘ β (or ψ^V_γ (β) = β ∘ γ, respectively) for all β ∈ UOp(V). For a variety V and a set X, let F_V (X) denote the algebra freely generated in V by X. The following statement is folklore.

Theorem 4. Let V be a regular unary variety of type Δ, and let X be a set. Then:

(1) if X = {x} is a singleton, then FR_{(V)} (X) = A = (UOp(V), {ω_A = ϕ^V_ω | ω ∈ Δ_1}) where we identify x with the identity derived operation from Mon(V);

(2) if X ≠ ∅ then FR_{(V)} (X) is the disjoint union of FR_{(V)} ({x}) for x ∈ X; (3) if X ≠ ∅, F_V (∅) = B = (Z, {ω_B | ω ∈ Δ}) and FR_{(V)} (X) = C = (Y, {ω_C | ω ∈ Δ_1}) with Y ∩ Z = ∅, then F_V (X) = D = (Y ∪ Z, {ω_D | ω ∈ Δ}), where

ω_D(x) = { ω_B(x) if x ∈ Z, ω_C(x) if x ∈ Y

for every ω ∈ Δ_1 and all x ∈ Y ∪ Z, and ω_D(0) = ω_B(0) for every ω ∈ Δ_0. �

Remark. If A = (A, {ω_A | ω ∈ Δ}) is an algebra of type Δ and if α is a derived operation of type Δ, then α_A denotes a realization of α in the algebra A.

Now we recall several facts from the theory of transformation monoids. We say that a pair (X, M) is a transformation monoid if X is a set and M is a set of mappings of X into itself closed under the composition and containing the identity mapping of X. An element x ∈ X is called a source of (X, M) if for every y ∈ X there exists some f ∈ M with f(x) = y. If, moreover, for every y ∈ X there exists exactly one f ∈ M with f(x) = y then we say that x is an exact source. Define Com(M) = {g : X −→ X | for every f ∈ M, f ∘ g = g ∘ f}. We recall the following folklore statement, proved in [12], for instance.

Theorem 5. For a transformation monoid (X, M) and x ∈ X the following are equivalent:

(1) x ∈ X is an exact source of (X, M);

(2) x ∈ X is a source of both (X, M) and (X, Com(M));

(3) there exists a binary operation · on X such that (X, ·) is a monoid with the unit element x and M is the set of all inner left translations of (X, ·);

(4) there exists a binary operation · on X such that (X, ·) is a monoid with the unit element x, M is the set of all inner left translations of (X, ·) and Com(M) is the set of all inner right translations of (X, ·). �

Next we give some properties of regular varieties of unary algebras satisfying (10) of Theorem 2.

Proposition 6. Let V be a regular unary variety of type Δ containing a nontrivial algebra generated by ∅. Then the algebra F_V (∅) = (Z, {ω_FV_{(∅)} | ω ∈ Δ}) is nontrivial, and it is either connected, or else has a quotient algebra A = ({0, 1}, {ω_A | ω ∈ Δ}) in which ω_A(i) = i for all ω ∈ Δ_1 and i = 0, 1, and {0, 1} = {ω_A(0) | ω ∈ Δ_0}.

Let X be a set and 0, 1 /∈ X. If F_V (∅) is connected, then V contains an algebra B = (Z × (X ∪ {0}), {ω_B | ω ∈ Δ}) such that

ω_B(z, x) = (ω_FV_{(∅)}(z), x) for all ω ∈ Δ_1 and all z ∈ Z, and x ∈ X ∪ {0}, ω_B(0) = (ω_FV_{(∅)}(0), 0) for all ω ∈ Δ_0.

If F_V (∅) is not connected, then V contains an algebra C = (X ∪ {0, 1}, {ω_C | ω ∈ Δ}) such that

ω_C(z) = z for all ω ∈ Δ_1 and all z ∈ X ∪ {0, 1}, ω_C(0) = ω_A(0) for all ω ∈ Δ_0

belongs to V.

Proof. The algebra F_V (∅) = (Z, {ω_FV_{(∅)} | ω ∈ Δ}) is nontrivial because V contains a nontrivial ∅-generated algebra. Consider the relation R = {(z, ω_FV_{(∅)}(z)) | ω ∈ Δ_1, z ∈ Z} ⊆ Z × Z. Choose z ∈ Z and let U be the subset of Z consisting of all elements u ∈ Z such that there exists a sequence u = x_0, x_1, . . . , x_n = z of Z with (x_i, x_{i+1}) ∈ R or (x_{i+1}, x_i) ∈ R for all i = 0, 1, . . . , n − 1. Then F_V (∅) is connected if and only if U = Z. The equivalence ∼ on Z defined by z ∼ z^′ just when z, z^′ ∈ U or z, z^′ ∈ Z \ U is a congruence. If U ≠ Z, then F_V (∅)/ ∼ is the desired algebra A, and the first statement is proved. Since F_V (∅) is isomorphic to a quotient algebra of F_V (Δ_0), the second statement follows by Theorem 4. �

Proposition 7. Let V be a regular variety of a unary type Δ = Δ_1 containing a nontrivial algebra A = (A, {ω_A | ω ∈ Δ}) with no internal endomorphisms. Then there exists a regular subvariety W of V such that F_W ({x}) is nontrivial and has no internal endomorphisms.

Proof. Let W be the regular subvariety of V generated by A. Choose a singleton set X = {x}. Then F_W (X) is isomorphic to a quotient subalgebra of F_V (X) modulo a fully invariant congruence ∼. By Theorem 4, the congruence ∼ is also a monoid congruence on Mon(V), and Mon(W) is isomorphic to Mon(V)/ ∼. If F_W (X) has a constant endomorphism, then it has a singleton subalgebra, and hence the algebra A also has a singleton subalgebra, and therefore a constant endomorphism – this is a contradiction. Therefore for every γ ∈ UOp(W) there exists some ω ∈ Δ with ω ∘ γ ≁ γ.

Suppose that α is a derived operation of W which is also an endomorphism of F_W (X). Then α ∈ Mon(W) ∩ Com(Mon(W)), that is, α ∘ γ = γ ∘ α for every γ ∈ UOp(W), by Theorem 5, or, equivalently, ϕ^W_α = ψ^W_α . Since A ∈ W, we have α_Aγ_A(a) = γ_Aα_A(a) for every a ∈ A and γ ∈ UOp(W), and therefore α_A = 1_A by the hypothesis. Since A generates

W, it follows that the operation ϕ^W_α is the identity map, and hence the endomorphism ψ^W_α

is the identity map as well. The proof is complete. �

Let V be a regular unary variety of type Δ fulfilling (10) of Theorem 2. Then, by

Propositions 6 and 7, the variety V satisfies exactly one of these statements:

(d1) V contains an algebra A = ({0, 1}, {ω_A | ω ∈ Δ}) such that

ω_A(i) = i for all ω ∈ Δ_1 and i = 0, 1, and {0, 1} = {ω_A(0) | ω ∈ Δ_0};

(d2) F_V (∅) is a nontrivial connected algebra;

(d3) Δ = Δ_1 and there exists a regular subvariety W of V such that M_W ∩ Com(M_W ) consists of the identity mapping alone, and for every γ ∈ UOp(W) there exists ω ∈ Δ with ω ∘ γ ≠ γ.

For a given set X, let P_X : Set −→ Set denote the contravariant hom-functor hom( − , X). Thus P_X Y = X^Y consists of all mappings from Y to X for every set Y , and P_X f(g) = g ∘ f for any given mapping f : Z −→ Y and for all mappings g : Y −→ X. Let S(P_X ) denote the category whose objects are pairs (Y, V ) where Y is a set and V ⊆ P_X Y , and the morphisms from (Y, V ) to (Y^′, V^′) are all mappings f : Y −→ Y^′ satisfying P_X f(V^′) ⊆ V . Theorem 8 below combines results by L. Kučera, Z. Hedrlín and A. Pultr.

Theorem 8. [27] If X has at least two elements, then S(P_X ) is a universal category. �

When we combine the result of Z. Hedrlín [11] and Theorem 1, we obtain the following statement.

Theorem 9. [11] and [17] For every set X there exists a family {G_x | x ∈ X} of pairwise disjoint antireflexive antisymmetric connected graphs such that any graph homomorphism f : G^0_x −→ G^0_y with x, y ∈ X is constant, or else x = y and f is the identity. �

Now we turn to a simple but useful construction of connected paracompact spaces.

Proposition 10. Let {A_i = (A_i, τ_i) | i ∈ I} be a family of pairwise disjoint connected compact Hausdorff spaces and let ∼ be an equivalence on A^′ = ⋃ i∈I A_i such that (a) |C ∩ A_i| ≤ 1 for all classes C of ∼ and all i ∈ I;

(b) if x ∈ A_i and y ∈ A_j for distinct i, j ∈ I with x ∼ y, then the set {z ∈ A_i | z ∼ v for a v ∈ A^′ with v ≠ z} is finite or the set {z ∈ A_j | z ∼ v for a v ∈ A^′ with v ≠ z} is finite;

(c) the graph (I, R) is connected, where

R = {(i, j) | i, j ∈ I, there exists a class C of ∼ with C ∩ A_i ≠ ∅ ≠ C ∩ A_j }.

Then (A, τ ) is a connected paracompact space for which A = A^′/ ∼ and U ⊆ A is τ -open exactly when {c ∈ A_i | there exists a class C of ∼ with c ∈ C ∈ U} is τ_i-open for all i ∈ I.

Proof. The statement is clear for |I| = 1, and thus we may assume that |I| > 1. For an element a ∈ ⋃ i∈I A_i, let [a] denote the class of ∼ containing a. Clearly, τ is a topology on A = A^′/ ∼ = ⋃ i∈I A_i. A straightforward verification shows that (A, τ ) is a Hausdorff space, because (A_i, τ_i) are Hausdorff spaces for all i ∈ I. Since (A_i, τ_i) is connected for all i ∈ I we conclude, using (c), that (A, τ ) is connected. Thus it remains to prove that any τ -open covering has a locally finite refinement. Let O be a τ -open covering of A. Let C be the set of all non-singleton classes of ∼ and let I^′ consist of all i ∈ I such that A_i ∩ C ≠ ∅ for infinitely many C ∈ C. Since (A_i, τ_i) is compact, for every i ∈ I^′ there exists a finite set O_i ⊆ O with {[a] | a ∈ A_i} ⊆ ∪_{U∈Oi} U. By (b), for every U ∈ O_i with i ∈ I^′ there exists a τ -open set V_U ⊆ U such that {[a] ∈ U | a ∈ A_i} = {[a] ∈ V_U | a ∈ A_i} and if C ∈ V_U for some C ∈ C then C ∩ A_i ≠ ∅ because (A_i, τ_i) is a Hausdorff space. Then {[a] | a ∈ ⋃ i∈I^0 Ai} ⊆ ∪{VU | U ∈ ⋃ i∈I^0 Oi}. For every C ∈ C \ {[a] | a ∈ ⋃ i∈I^0 Ai} choose a τ -open set Q_C ∈ O with C ∈ Q_C . Since (A_i, τ_i) is a Hausdorff space, for every C ∈ C \{[a] | a ∈ ⋃ i∈I^0 Ai} we may choose, by (b), a τ -open set VC ⊆ QC such that C ∈ VC,

V_C ∩ V_U = ∅ for all U ∈ ⋃ i∈I^0 Oi and VC ∩ VC^0 = ∅ for distinct C, C ′ ∈ C \ {[a] | ⋃ i∈I^0 Ai}. Set P^′ = {V_U | U ∈ ⋃ i∈I^0 Oi} ∪ {VC | C ∈ C \ {[a] | a ∈ ⋃ i∈I^0 Ai}}. Then for every i ∈ I \ I ′, the set B_i = {a ∈ A_i | [a] /∈ ( ⋃ U∈P^0 U)} is compact because it is τi-closed and [b] /∈ C for all

b ∈ B_i. Since the set {[a] ∈ C | a ∈ A_i} is finite for every i ∈ I \ I^′, there exist τ_i-open sets B^′_i for i ∈ I \ I^′ such that B_i ⊆ B^′_i ⊆ A_i and [b] /∈ C for all b ∈ B^′_i. Hence for every i ∈ I \ I^′, by the definition of τ and by the compactness of B_i, there exists a finite set O_i ⊆ O such that {[b] | b ∈ B_i} ⊆ ⋃ U∈O_i U. Set P = P ′ ∪ {U ∩ B^′_i | U ∈ O_i, i ∈ I \ I^′}. Then P is a desired locally finite refinement of O, and thus (A, τ ) is a paracompact space. �

We exploit the following Cook’s result.

Theorem 11. [4] or [27] There exists an infinite metric continuuum K such that (1) for every subcontinuum K_1 of K, if f : K_1 −→ K is a continuous mapping, then f is a constant mapping or f is the inclusion mapping;

(2) there exist infinitely many pairwise disjoint infinite subcontinua of K. �

Choose pairwise disjoint infinite subcontinua A, B, C, D, E, and F of K and distinct points a_0, a_1 ∈ A, b_0, b_1, b_2 ∈ B, c_0, c_1, c_2 ∈ C, d_0, d_1 ∈ D, e_0, e_1 ∈ E, and f_0, f_1 ∈ F .

For a set X, let α^X_i denote the constant mapping from X to A with the value a_i for i = 0, 1. Assume that X = (X, V ) is an object of S(P_A). We then define K(X ) as the quotient space of the disjoint union of A^X , B, C, and D × V (where V is endowed with discrete topology) by the least equivalence ∼ such that

(•) α^X_0 ∼ b_0, α^X_1 ∼ c_0;

(•) b_1 ∼ (d_0, ν) and ν ∼ (d_1, ν) for all ν ∈ V ⊆ A^X .

Observe that if x ∼ y for x, y ∈ A^X , or x, y ∈ B, or x, y ∈ C, or x, y ∈ D × {ν} for ν ∈ V , then x = y. Therefore, for the sake of simplicity, we identify any point with the class of ∼ containing it. Thus, in particular, α^X_0 = b_0, α^X_1 = c_0, ν = (d_1, ν) and (d_0, ν) = (d_0, ν^′) = b_1 for all ν, ν^′ ∈ V .

For an antireflexive graph G = (X, R), we define F (G) as the quotient space of the product space F × R (where R is endowed by the discrete topology) by the least equivalence ∼ such that

(•) (f_0, (x, y)) ∼ (f_0, (x, z)) for all (x, y), (x, z) ∈ R; (•) (f_0, (x, y)) ∼ (f_1, (z, x)) for all (x, y), (z, x) ∈ R;

(•) (f_1, (y, x)) ∼ (f_1, (z, x)) for all (y, x), (z, x) ∈ R.

Observe that if x ∼ y for some x, y ∈ F × {r} with r ∈ R, then x = y. For simplicity, we thus identify any point of F × R with the class of ∼ containing it.

First we prove two auxiliary statements about F (G).

Lemma 12. Let G = (X, R) be an antireflexive, antisymmetric connected graph with |X| > 1. If ϕ : F −→ F (G) is a continuous mapping, then either ϕ is a constant mapping or there exists an arc r ∈ R such that ϕ(x) = (x, r) for every x ∈ F .

Proof. First assume that there exist distinct x, y ∈ F \ {f_0, f_1} such that ϕ(x) = (y, r) for some r ∈ R. Let S be the component of the set ϕ^{−1}({(z, r) | z ∈ F }) containing x. Then S is a continuum because {(z, r) | z ∈ F }) is a closed subset of F (G). By Theorem 11, we deduce that ϕ(S) = {(y, r)}. Assume that S ≠ F . Let W be the closure of F \ S in the continuum F . Since F is connected, there exists a component S^′ of W with S ∩ S^′ ≠ ∅ and S^′ ∩ (F \ S) ≠ ∅. Then (y, r) ∈ ϕ(S^′), and ϕ(S^′) is connected because ϕ is continuous. But then there exists a component S^{′′} of W ∩ ϕ^{−1}({(z, r) | z ∈ F }) contained in S^′ with S^{′′} \ S ≠ ∅ ≠ S^{′′} ∩ S. This is a contradiction because S ∪ S^{′′} ≠ S is a connected subset of ϕ^{−1}({(z, r) | z ∈ F }). Thus if there exist distinct x, y ∈ F \ {f_0, f_1} with ϕ(x) = (y, r) for some r ∈ R then ϕ is a constant mapping. Next we assume that for every x ∈ F \ {f_0, f_1} there exists r_x ∈ R with ϕ(x) = (x, r_x). Since F is a metric connected space, there exist two one-to-one sequences {x_i}^∞_{i=1} and {y_i}^∞_{i=1} of points from F \ {f_0, f_1} such that {x_i}^∞_{i=1} converges to f_0 and {y_i}^∞_{i=1} converges to f_1. Then {ϕ(x_i) = (x_i, r_{xi} )}^∞_{i=1} converges to ϕ(f_0) and {ϕ(y_i) = (y_i, r_{yi} )}^∞_{i=1} converges to ϕ(f_1). Hence there exist r_{f0} , r_{f1} ∈ R with ϕ(f_0) = (f_0, r_{f0} ) and ϕ(f_1) = (f_1, r_{f1} ). From the connectedness of ϕ(F ) it follows that we can assume r_{f0} = r_{f1} and that the component S_x of ϕ^{−1}({(z, r_x) | z ∈ F }) containing x contains f_0 or f_1 for all x ∈ F \ {f_0, f_1}. Observe that if r_{f0} = (y_0, y_1), then the component S_x for x ∈ F \ {f_0, f_1} contains f_i if and only if y_i is a node of r_x. Thus if r_x ≠ r_{f0} for some x ∈ F \ {f_0, f_1}, then f_0 ∈ S_x just when f_1 /∈ S_x. Define ϕ^′ : F −→ F (G) so that

ϕ^′(x) = { (x, r_x) if r_x = r_{f0} , (f_i, r_{f0} ) if r_x ≠ r_{f0} and f_i ∈ S_x for i = 0, 1.

From the above it follows that the definition of ϕ^′ is correct. From the definition of F (G) and from the continuity of ϕ it follows that (ϕ^′)^{−1}(Y ) is closed for every closed set Y ⊆ F (G). Hence ϕ^′ is continuous and, by Theorem 11, we obtain that ϕ^′(x) = (x, r_{f0} ) for all x ∈ F . Therefore ϕ = ϕ^′, and the proof is complete. �

Proposition 13. Let G = (X, R) and G^′ = (X^′, R^′) be nonvoid connected antireflexive antisymmetric graphs. If G ≠ G^′ and any graph homomorphism from G^0 to (G^′)^0 is constant, then any continuous mapping from F (G) into F (G^′) is constant. If G = G^′ and any graph endomorphism of G^0 is either the identity or a constant, then any continuous mapping from F (G) to F (G) is either the identity or a constant.

Proof. For every r ∈ R, let μ_r : F −→ F (G) be a mapping such that μ_r(x) = (x, r) for all x ∈ F . Clearly, μ_r is continuous and therefore ϕ ∘ μ_r is continuous for all r ∈ R. By Lemma 12, either ϕ ∘ μ_r is constant or there exists s_r ∈ R^′ such that ϕ ∘ μ_r(x) = (x, s_r ) for all x ∈ F . If ϕ ∘ μ_r is a constant mapping to (x, s) for some x ∈ F \ {f_0, f_1}, r ∈ R and s ∈ R^′, then ϕ is the constant mapping with the value (x, s) because G is a nonvoid connected graph. Thus assume that either ϕ ∘ μ_r = μ_{sr} for some s_r ∈ R^′ or ϕ ∘ μ_r is a constant mapping with a value (f_i, s) for some i ∈ {0, 1} and some s ∈ R^′. If we identify x with (f_0, r) and y with (f_1, r) for all r = (x, y) ∈ R or r = (x, y) ∈ R^′, then we obtain that ϕ(X) ⊆ X^′. Let ψ be the domain-range restriction of ϕ to X and X^′. Then for every arc (x, y) = r either (ψ(x), ψ(y)) = s_r ∈ R^′ or ψ(x) = ψ(y). Thus ψ is a graph homomorphism from G^0 to (G^′)^0. The statements immediately follow from the assumptions. �

We return to the properties of algebras. For a regular variety V of unary algebras of type Δ satisfying the condition (di) for i = 1, 2, 3, we shall construct a contravariant functor Γ_i : S(P_A) −→ C L(V).

First assume that V satisfies the condition (d1) and the quotient algebra A = (Z, {ω_A | ω ∈ Δ}) of F_V (∅) witnesses (d1). For an object X = (X, V ) of S(P_A), we define Γ_1X = (U_1X , {ω_{Γ1X} | ω ∈ Δ}, τ ) as follows:

(i) (U_1X , τ ) is the topological space obtained from the disjoint union of K(X ) and E by identifying b_1 with e_0 and c_1 with e_1;

(ii) ω_{Γ1X} (u) = u for all u ∈ U_1X and all ω ∈ Δ_1, and ω_{Γ1X} (0) = α^X_i exactly when ω_A(0) = i for i = 0, 1 and ω ∈ Δ_0.

For any morphism ϕ : (X, V ) −→ (X^′, V^′) of S(P_A) define Γ_1ϕ : Γ_1(X^′, V^′) −→ Γ_1(X, V ) by

Γ_1ϕ(x) = x ∘ ϕ if x ∈ A^{X 0} , x if x ∈ B ∪ C ∪ E, (d, ν ∘ ϕ) if x = (d, ν) ∈ D × V^′. Then

Proposition 14. If a regular variety V of unary algebras satisfies the condition (d1), then Γ_1 : S(P_A) −→ C L(V) is a faithful contravariant functor.

Proof. By Proposition 10, we obtain that (U_1X , τ ) is a connected paracompact space. By Proposition 6, (U_1X , {ω_{Γ1X} | ω ∈ Δ}) is an algebra from V. Since any mapping from a singleton topological space into a T_1-space is closed and continuous, and so is the identity mapping on any topological space, we conclude that Γ_1X ∈ C L(V). Let ϕ : (X, V ) −→ (X^′, V^′) be a morphism of S(P_A). First observe that Γ_1ϕ(α^{X 0}_i ) = α^X_i for i = 0, 1 because Γ_1ϕ(ν) = ν ∘ ϕ for all ν ∈ A^{X 0} and because α^X_i or α^{X 0}_i is the constant mapping to a_i for i = 0, 1. From P_Aϕ(V^′) ⊆ V it follws that ν ∘ ϕ ∈ V for all ν ∈ V^′; hence Γ_1ϕ(D × V^′) ⊆ D × V . Since Γ_1ϕ(u) = u for all u ∈ B ∪ C ∪ E and Γ_1ϕ(d, ν) = (d, ν ∘ ϕ) for all (d, ν) ∈ D × V^′, we conclude that Γ_1ϕ is correctly defined, and since V and V^′ are endowed with the discrete topology we obtain that Γ_1ϕ is closed and continuous exactly when the domain-range restriction of Γ_1ϕ to A^{X 0} and A^X is closed and continuous. Since the continuity of the restriction is well-known, it suffices to show the closedness. It is wellknown that the family {{ν ∈ A^{X 0} | ν(x) ∈ U} | x ∈ X^′, U ⊆ A is closed} forms a basis of closed sets in A^{X 0} . Since Γ_1ϕ({ν ∈ A^{X 0} | ν(x) ∈ U}) = {ν ∈ A^X | ν(y) ∈ U, y ∈ ϕ^{−1}(x)} is closed in A^X for all x ∈ X^′ and all closed sets U ⊆ A, we obtain that Γ_1ϕ is closed and continuous. Clearly, Γ_1ϕ is the identity mapping whenever ϕ is the identity mapping and if ϕ : (X, V ) −→ (X^′, V^′) and ϕ^′ : (X^′, V^′) −→ (X^{′′}, V^{′′}) are morphisms of S(P_A), then Γ_1(ϕ^′ ∘ ϕ) = Γ_1ϕ ∘ Γ_1ϕ^′. Hence Γ_1 : S(P_A) −→ C L(V) is a contravariant functor. The faithfulness of Γ_1 follows from the faithfulness of P_A. �

Secondly, assume that V satisifes the condition (d2). The algebra F_V (∅) = (Z, {ω_FV_{(∅)} | ω ∈ Δ}) is thus connected and nontrivial. For any object X = (X, V ) of S(P_A), we define Γ_2X = (U_2X , {ω_{Γ2X} | ω ∈ Δ}, τ ) as follows:

(i) (U_2X , τ ) is the quotient space of the disjoint union of K(X )×Z and E×Z ×Z ×{1, 2} (where Z and {1, 2} are endowed with the discrete topology) by the least equivalence ∼ such that (•) (b_i, z) ∼ (e_0, z, z^′, i) for all z, z^′ ∈ Z and i = 1, 2; (•) (c_i, z) ∼ (e_1, z^′, z, i) for all z, z^′ ∈ Z and i = 1, 2.

As before, we identify any point of K(X )×Z and E ×Z ×Z ×{1, 2} with the class of ∼ containing it – thus (b_i, z) = (e_0, z, z^′, i) and (c_i, z) = (e_1, z^′, z, i) for all z, z^′ ∈ Z and i = 1, 2;

(ii)

ω_{Γ2X} (u) = { (x, ω_FV_{(∅)}(z)) if u = (x, z) ∈ K(X ) × Z, (x, ω_FV_{(∅)}(z), ω_FV_{(∅)}(z^′), i) if u = (x, z, z^′, i) ∈ E × Z × Z × {1, 2} for all ω ∈ Δ_1 and, for all ω ∈ Δ_0

ω_{Γ2X} (0) = (α^X_0 , z) whenever ω_FV_{(∅)}(0) = z.

For any morphism ϕ : (X, V ) −→ (X^′, V^′) of S(P_A), we define Γ_2ϕ : Γ_2(X^′, V^′) −→ Γ_2(X, V ) by Γ_2ϕ(x) = (ν ∘ ϕ, z) if x = (ν, z) ∈ A^{X 0} × Z, x if x ∈ ((B ∪ C) × Z) ∪ (E × Z × Z × {1, 2}), (d, ν ∘ ϕ, z) if x = (d, ν, z) ∈ D × V^′ × Z. Then

Proposition 15. If a regular variety V of unary algebras satisfies the condition (d2), then Γ_2 : S(P_A) −→ C L(V) is a faithful contravariant functor.

Proof. Using Proposition 10 and the fact that F_V (∅) is connected, we conclude that (U_2X , τ ) is a connected paracompact space. By Theorem 4 and Proposition 6, (U_2X , {ω_{Γ2X} | ω ∈ Δ}) is an algebra from V because any variety is closed under square powers. Observe that (b_i, ω_FV_{(∅)}(z)) = (e_0, ω_FV_{(∅)}(z), ω_FV_{(∅)}(z^′), i), (c_i, ω_FV_{(∅)}(z)) = (e_1, ω_FV_{(∅)}(z^′), ω_FV_{(∅)}(z), i) for all z, z^′ ∈ Z and i = 1, 2. Hence, for any ω ∈ Δ_1, the mapping ω_{Γ2X} ¯ (E ×Z ×Z ×{1, 2}) is the product of the identity mapping on E with ω_FV_{(∅)} × ω_FV_{(∅)} and the identity mapping on {1, 2}. Since any mapping from a singleton topological space into a T_1-space is closed and continuous, and so is the identity mapping of any space, and because Z and {1, 2} carry discrete topology, it follows that Γ_2X ∈ C L(V). For the same reason as in the proof of Proposition 14, we obtain that Γ_2ϕ is continuous and closed for any morphism ϕ from S(P_A). Since Γ_2 preserves the identity morphisms and composition we conclude that Γ_2 is a contravariant functor. The faithfulness of Γ_2 follows from the faithfulness of P_A. �

Finally, assume that a regular variety V satisfies the condition (d3). Then Δ = Δ_1. Since our aim is to prove the universality of V, we may assume that V has the properties of the variety W from (d3). By Theorem 9, there exists a family {G_ω | ω ∈ Δ} of pairwise disjoint antireflexive antisymmetric connected graphs such that if ρ : G^0_ω −→ G^0_ω0 is a graph homomorphism for ω, ω^′ ∈ Δ, then either ρ is a constant mapping or ω = ω^′ and ρ is the identity mapping. For every ω ∈ Δ select distinct arcs r^ω_0 and r^ω_1 of G_ω. For any object X = (X, V ) of S(P_A), define Γ_3X = (U_3X , {ω_{Γ3X} | ω ∈ Δ}, τ ) as follows:

(i) (U_3X , τ ) is the quotient space of the disjoint union of K(X )×UOp(V), E×UOp(V)× UOp(V) × {1, 2}, and F (G_ω) × UOp(V) with ω ∈ Δ (where UOp(V) and {1, 2} are endowed with discrete topology) by the least equivalence ∼ such that (•) (b_i, γ) ∼ (e_0, γ, γ^′, i) and (c_i, γ) ∼ (e_1, γ^′, γ, i) for all γ, γ^′ ∈ UOp(V) and i = 1, 2;

(•) (b_1, γ) ∼ (f_0, r^ω_0 , γ) and (c_1, γ ∘ ω) ∼ (f_1, r^ω_1 , γ) for all γ ∈ UOp(V), and all ω ∈ Δ. As before, we identify any point of K(X ) × UOp(V) or of E × UOp(V) × UOp(V) or of F (G_ω ) × UOp(V) for ω ∈ Δ with the class of ∼ containing it. Thus (b_i, γ) = (e_0, γ, γ^′, i) and (c_i, γ) = (e_1, γ^′, γ, i) for all γ, γ^′ ∈ UOp(V) and i = 1, 2, and (b_1, γ) = (f_0, r^ω_0 , γ) and (c_1, ω ∘ γ) = (f_1, r^ω_1 , γ) for all γ ∈ UOp(V) and all ω ∈ Δ.

(ii)

ω_{Γ3X} (u) = (x, ω ∘ γ) if u = (x, γ) ∈ K(X ) × UOp(V), (x, ω ∘ γ, ω ∘ γ^′, i) if u = (x, γ, γ^′, i) ∈ E × UOp(V) × UOp(V) × {1, 2}, (x, ω ∘ γ) if u = (x, γ) ∈ ( ⋃ ω∈Δ F (G_ω)) × UOp(V)

for all ω ∈ Δ.

For any morphism ϕ : (X, V ) −→ (X^′, V^′) of S(P_A), define Γ_3ϕ : Γ_3(X^′, V^′) −→ Γ_3(X, V ) by

Γ_3ϕ(u) =

(ν ∘ ϕ, γ) if u = (ν, γ) ∈ A^{X 0} × UOp(V), (d, ν ∘ ϕ, γ) ifu = (d, ν, γ) ∈ D × V^′ × UOp(V), u ifu ∈ ((B ∪ C) × UOp(V)) ∪ (E × UOp(V) × UOp(V) × {1, 2}) ∪ (( ⋃ ω∈Δ F (G_ω)) × UOp(V)).

Then

Proposition 16. If a regular variety V of unary algebras satisfies the condition (d3), then Γ_3 : S(P_A) −→ C L(V) is a faithful contravariant functor.

Proof. By Proposition 10, we obtain that (U_3X , τ ) is a connected paracompact space. Let X be a singleton set. Since {(x, γ) | γ ∈ UOp(V)} is a subalgebra of {U_3X , {ω_{Γ3X} | ω ∈ Δ}) isomorphic to F_V (X) for all x ∈ K(X ) ∪ ( ⋃ ω∈Δ F (G_ω )) and because the set {(x, γ, γ^′, i) | γ, γ^′ ∈ UOp(V)} is a subalgebra of (U_3X , {ω_{Γ3X} | ω ∈ Δ}) isomorphic to (F_V (X))^2 for all x ∈ E \ {e_0, e_1} and i = 1, 2, we deduce, by Theorem 4, that (U_3X , {ω_{Γ3X} | ω ∈ Δ}) is an algebra from V. Noting that (b_i, ω∘γ) = (e_0, ω∘γ, ω∘γ^′, i) and (c_i, ω∘γ) = (e_1, ω∘γ^′, ω∘γ, i) for all γ, γ^′ ∈ UOp(V) and i = 1, 2, we see that ω_{Γ3X} ¯ (E × UOp(V) × UOp(V) × {1, 2}) is the product of the identity mapping on E with ω^2_FV_{(X)} and the identity mapping of {1, 2}. Analogously, (f_1, r^{ω0}_1 , ω ∘ γ) = (c_1, ω ∘ γ ∘ ω^′) for all ω, ω^′ ∈ Δ and all γ ∈ UOp(V). Hence ω_{Γ3X} ¯ (F (G_ω) × UOp(V)) is the product of the identity mapping and ω_FV_{(X)} for all ω ∈ Δ. Since the identity mapping of any space and any mapping from a singleton topological space into a T_1-space are closed and continuous and because UOp(V) carries discrete topology, we conclude that Γ_3X ∈ C L(V). For the same reason as in the proof of Proposition 14, we obtain that Γ_3ϕ is continuous and closed for all morphisms ϕ of S(P_A). Since Γ_3 preserves the identity morphisms and composition, we conclude that Γ_3 is a contravariant functor. The faithfulness of Γ_3 follows from the faithfulness of P_A. �

Next we give several properties of Γ_iX .

Lemma 17. Let X and Y be sets. Then

(1) for every ν_0 ∈ A^X the set S_{ν0} = {ν ∈ A^X | the set {x ∈ X | ν(x) ≠ ν_0(x)} is finite} is a dense subset of A^X ;

(2) a mapping ϕ : A^X −→ A^Y is continuous if and only if there exist ν_0 ∈ A^Y and a partial mapping ψ : Y −→ X such that

(ϕ(ν))(y) = { ν_0(y) if ψ(y) is not defined, ν(ψ(y)) if ψ(y) is defined

for all ν ∈ A^X .

Proof. The first statement is folklore. Indeed, let T be a family of all finite sequences of non-empty open subsets of A indexed by a finite subsets of X. For O = {O_x}_{x∈X} 0 ∈ T where X^′ ⊆ X is finite define O_O = {ν ∈ A^X | ν(x) ∈ O_x for all x ∈ X^′}. Then O_O is a non-empty open subset of A^X with O_O ∩ S_ν ≠ ∅ for all ν ∈ A^X . Since {O_O | O ∈ T } is a basis of open subsets of A^X the proof of (1) is complete. The statement (2) was proved by H. Herrlich in [18]. �

Proposition 18. Let Y be a continuum from the set {B, C, D, E, F }, and let X = (X, V ) be an object of S(P_A). If ϕ : Y −→ Γ_iX is a continuous non-constant mapping and i ∈ {1, 2, 3}, then:

(1) Y = B or Y = C and

(•) if i = 1 then ϕ(y) = y for all y ∈ Y , (•) if i = 2 then there exists z ∈ Z such that ϕ(y) = (y, z) for all y ∈ Y , (•) if i = 3 then there exists γ ∈ UOp(V) such that ϕ(y) = (y, γ) for all y ∈ Y ;

(2) Y = D and

(•) if i = 1 then there exists ν ∈ V such that ϕ(y) = (y, ν) for all y ∈ Y , (•) if i = 2 then there exist z ∈ Z and ν ∈ V such that ϕ(y) = (y, ν, z) for all y ∈ Y , (•) if i = 3 then there exist γ ∈ UOp(V) and ν ∈ V such that ϕ(y) = (y, ν, γ) for all y ∈ Y ;

(3) Y = E and

(•) if i = 1 then ϕ(y) = y for all y ∈ Y ,

(•) if i = 2 then there exist z, z^′ ∈ Z and j ∈ {1, 2} such that ϕ(y) = (y, z, z^′, j) for all y ∈ Y , (•) if i = 3 then there exist γ, γ^′ ∈ UOp(V) and j ∈ {1, 2} such that ϕ(y) = (y, γ, γ^′, j) for all y ∈ Y ; (4) Y = F , i = 3 and there exist γ ∈ UOp(V) and an arc r of G_ω for some ω ∈ Δ such that ϕ(y) = (y, r, γ) for all y ∈ Y .

Proof. Assume that Y = B. First we prove that Im(ϕ) ⊆ B when i = 1, Im(ϕ) ⊆ B × Z when i = 2, Im(ϕ) ⊆ B × UOp(V) when i = 3. If contrary then there exists y ∈ Y such that either i = 1 and ϕ(y) ≠ y^′ for all y^′ ∈ B, or i = 2 and ϕ(y) ≠ (y^′, z) for all y^′ ∈ B and all z ∈ Z, or i = 3 and ϕ(y) ≠ (y^′, γ) for all y^′ ∈ B and all γ ∈ UOp(V). Since ϕ(B) is connected, by Theorem 11 and the definition of Γ_iX (for i = 1, 2, 3), we deduce that ϕ is a constant mapping with the value ϕ(y) – a contradiction. If i = 1 then Im(ϕ) ⊆ B and Theorem 11 completes the proof. If i = 2 then a normality of (U_2X , τ ) implies that there exists z ∈ Z with Im(ϕ) ⊆ B × {z} because B × {z^′} and B × {z^{′′}} are disjoint closed subsets of Γ_2X for distinct z^′, z^{′′} ∈ Z and Im(ϕ) is connected. Now Theorem 11 completes the proof. For i = 3 the proof is the same as for i = 2. If Y = C the proof is analogous.

Assume that Y = D. By the same reason as above we obtain that Im(ϕ) ⊆ D × V / ∼ when i = 1, Im(ϕ) ⊆ (D × V / ∼) × Z when i = 2, and Im(ϕ) ⊆ (D × V / ∼) × UOp(V) when i = 3. First assume that i = 1. Let ψ be the range restriction of ϕ to D × V / ∼ and let π : (D × V / ∼) −→ D be a mapping given by π(x, ν) = x for all x ∈ D and all ν ∈ V . Then π is continuous. By Theorem 11, π ∘ ψ is either a constant or the identity. If π ∘ ψ is a constant mapping then from the connectedness of D it follows that ψ (and also ϕ) is constant. Thus for every x ∈ D there exists ν_x ∈ V with ϕ(x) = ψ(x) = (x, ν_x). Set ν = ν_{d1} and define a mapping η : D −→ D by η(x) = { x if ν_x = ν, d_0 if ν_x ≠ ν.

From the continuity of ψ and the connectednes of D it follows that η is continuous. Since η is non-constant we conclude, by Theorem 11, that η is the identity mapping and hence ϕ(x) = (x, ν) for all x ∈ D. If i = 2 then Im(ϕ) ⊆ (D × V )/ ∼) × Z. Since {(x, ν, z) | x ∈ D, ν ∈ V } and {(x, ν, z^′) | x ∈ D, ν ∈ V } are disjoint closed sets for distinct z, z^′ ∈ Z, since Γ_2X is a normal space and D is connected, we conclude that there exists z ∈ Z with Im(ϕ) ⊆ {(x, ν, z) | x ∈ D, ν ∈ V }. The same argument as above shows that there exists ν ∈ V with ϕ(y) = (y, ν, z) for all y ∈ Y . The proof for i = 3 is analogous. By the same argument we obtain the statement for Y = E. If Y = F then, analogously as above, Theorem 11 implies that ϕ is constant whenever i = 1 or i = 2. Thus we can assume that i = 3, then, as before, we conclude that Im(ϕ) ⊆ ( ⋃ ω∈Δ F (G_ω )) × UOp(V).

Since ( ⋃ ω∈Δ F (G_ω)) × {γ} and ( ⋃ ω∈Δ F (G_ω)) × {γ^′} are disjoint closed sets for distinct γ, γ^′ ∈ UOp(V), there exists γ ∈ UOp(V) with Im(ϕ) ⊆ ( ⋃ ω∈Δ F (G_ω)) × {γ}, and Lemma 12 then completes the proof. �

Lemma 19. Let X = (X, V ) be an object of S(P_A) and let Y be a set. If ϕ : A^Y −→ Γ_iX is a continuous non-constant mapping for some i = 1, 2, 3, then there exist ν_0 ∈ A^X and a partial mapping ψ : X −→ Y such that

(1) if i = 1 then

(ϕ(ν))(x) = { ν(ψ(x)) if ψ(x) is defined, ν_0(x) if ψ(x) is not defined

for all ν ∈ A^Y ;

(2) if i = 2 then for some z ∈ Z

(ϕ(ν))(x) = { (ν(ψ(x)), z) if ψ(x) is defined, (ν_0(x), z) if ψ(x) is not defined

for all ν ∈ A^Y ;

(3) if i = 3 then for some γ ∈ UOp(V)

(ϕ(ν))(x) = { (ν(ψ(x)), γ) if ψ(x) is defined, (ν_0(x), γ) if ψ(x) is not defined

for all ν ∈ A^Y .

Proof. Assume that i = 1 and that there exists ν ∈ A^Y such that ϕ(ν) /∈ A^X . For y ∈ Y define a mapping μ_y : A −→ A^Y such that

(μ_y(x))(u) = { ν(u) if u ≠ y, x if u = y

for all x ∈ A. Clearly, μ_y is a continuous mapping, and from Theorem 11 and the definition of Γ_1X we conclude that ϕ∘μ_y is a constant mapping with the value ϕ(ν). Then, by a simple induction, we obtain that ϕ(S_ν ) = {ϕ(ν)}, where S_ν = {ν^′ ∈ A^Y | the set {y ∈ Y | ν(y) ≠ ν^′(y)} is finite}. By Lemma 17(1), S_ν is a dense subset of A^Y , and therefore ϕ is a constant mapping. Thus Im(ϕ) ⊆ A^X , and Lemma 17(2) completes the proof. If i = 2 (or i = 3) then, by the same argument, we obtain that Im(ϕ) ⊆ A^X × Z (or Im(ϕ) ⊆ A^X × UOp(V)). Since A^Y is a connected space and since A^X × {z} and A^X × {z^′} for distinct z, z^′ ∈ Z are disjoint closed sets we obtain, by the normality of Γ_2X , that Im(ϕ) ⊆ A^X × {z} for some z ∈ Z. Analogously, if i = 3 then Im(ϕ) ⊆ A^X × {ν} for some ν ∈ UOp(V). Lemma 17(2) completes the proof in both cases. �

To finish the proof of Theorem 3, we need to prove that if X and X^′ are objects of S(P_A) and ϕ : Γ_iX −→ Γ_iX^′ is a continuous homomorphism for some i = 1, 2, 3, then there exists a morphism ψ : X^′ −→ X of S(P_A) with Γ_iψ = ϕ. Therefore we shall assume that a continuous homomorphism ϕ : Γ_iX −→ Γ_iX^′ is given for some objects X = (X, V ) and X^′ = (X^′, V^′) of S(P_A) and for some i = 1, 2, 3.

Lemma 20. Let X = (X, V ) and X^′ = (X^′, V^′) be objects of S(P_A) and let ϕ : Γ_iX −→ Γ_iX^′ be a continuous mapping for i = 1, 2, 3. If there exists a non-constant continuous mapping μ from B or C to Γ_iX such that ϕ ∘ μ is a constant mapping, then ϕ is a constant mapping.

Proof. First assume that i = 1 and β : B −→ Γ_1X . If ϕ ∘ β is a constant mapping with the value b_1 then ϕ(B) = {b_1} and, by Lemma 19, ϕ(A^X ) = {b_1} and, by Lemma 18, ϕ(C) = ϕ(D × {ν}) = {b_1} = ϕ(E) for all ν ∈ V . Thus ϕ is a constant mapping with the value b_1. If ϕ ∘ β is a constant mapping with the value c_1 then ϕ(B) = {c_1} and, by Lemma 18, ϕ(E) = ϕ(D × {ν}) = {c_1} for all ν ∈ V . By Lemma 19, ϕ(A^X ) = {c_1}, and, by Lemma 18, we conclude that ϕ is a constant mapping with the value c_1 because ϕ(C) = {c_1}. If ϕ ∘ β is a constant mapping with the value x ≠ b_1, c_1, then ϕ(B) = {x} and, by Lemma 18, ϕ(C) = ϕ(E) = ϕ(D × {ν}) = {x} for all ν ∈ V . Hence ϕ(α_0) = ϕ(α_1), and Lemma 19 implies ϕ(A^X ) = {x} because α_i is a constant mapping from X to A with the value a_i. Thus ϕ is a constant mapping to x. Similarly we obtain that ϕ is a constant mapping if β : C −→ Γ_1X .

Assume that i = 2. Let β : B −→ Γ_2X be such that there exists z ∈ Z with β(y) = (y, z) for all y ∈ B. Assume that ϕ ∘ β is a constant mapping to (b_k, z^′) for some z^′ ∈ Z and k = 1, 2. Then ϕ({(y, z) | y ∈ B}) = (b_k , z^′) and, by Lemma 19, we conclude that ϕ(ν, z) = (b_k, z^′) for all ν ∈ A^X . By Lemma 18, we obtain that ϕ(x, z) = (b_k, z^′) for x ∈ C ∪ ( ⋃ ν∈V D × {ν}). In particular, ϕ(c_1, z) = ϕ(c_2, z) = (b_k, z^′) and, by Lemma 18, ϕ(x, z^{′′}, z, j) = (b_k , z^′) for all x ∈ E, z^{′′} ∈ Z and j = 1, 2. Hence, by Lemma 18, ϕ(x, z^{′′}) = (b_k, z^′) for all x ∈ B and all z^{′′} ∈ Z. Therefore ϕ is a constant mapping to (b_k, z^′). Assume that ϕ ∘ β is a constant mapping to (c_k, z^′) for some z^′ ∈ Z and k = 1, 2. Then ϕ(y, z) = (c_k, z^′) for all y ∈ B and, by Lemma 18, ϕ(x, ν, z) = (c_k, z^′) for all x ∈ D and all ν ∈ V and ϕ(x, z, z^{′′}, j) = (c_k, z^′) for all x ∈ E, z^{′′} ∈ Z and j = 1, 2. Hence we deduce that ϕ(y, z) = (c_k, z^′) for all y ∈ C and then ϕ(x, z^{′′}, z, 3−k) = (c_k, z^′) for all x ∈ E, z^{′′} ∈ Z. By Lemma 19, ϕ(ν, z) = (c_k, z^′) for all ν ∈ A^X and, by Lemma 18, ϕ(y, z^{′′}) = (c_k, z^′) for all y ∈ B and all z^{′′} ∈ Z. Thus ϕ is a constant mapping to (c_k, z^′). Assume that ϕ ∘ β is a constant mapping to x with x /∈ {(b_k, z), (c_k, z) | k = 1, 2, z ∈ Z}. Then, by Lemma 18, we obtain that ϕ(y, z) = ϕ(y^′, z, z^′, j) = x for all y ∈ B ∪ C ∪ ( ⋃ ν∈V D × {ν}), y^′ ∈ E, z, z^′ ∈ Z, j = 1, 2. Thus ϕ(α_0, z) = ϕ(α_1, z) = x for all z ∈ Z and, by Lemma 19, we obtain that ϕ is a constant mapping to x. The proof is analogous for β : C −→ Γ_2X .

Assume that i = 3. Then, by the same argument as in the case of i = 2, we obtain that if ϕ ∘ β is a constant mapping to x then ϕ(y, z) = ϕ(y, z, z^′ , j) = x for all y ∈ A^X ∪ B ∪ C ∪ ( ⋃ ν∈V D × {ν}), y^′ ∈ E, z, z^′ ∈ Z, j = 1, 2. Since (b_1, γ) = (f_0, r^ω_0 , γ) and (c_1, γ ∘ ω) = (f_1, r^ω_1 , γ) for all γ ∈ UOp(V) and all ω ∈ Δ, it follows that ϕ(f_0, r^ω_0 , γ) = ϕ(f_1, r^ω_1 , γ) = x for all γ ∈ UOp(V) and all ω ∈ Δ. By the assumptions on the family {G_ω | ω ∈ Δ} and by Proposition 13, we obtain that ϕ(F (G_ω ) × {γ}) = x for all ω ∈ Δ and all γ ∈ UOp(V). Thus ϕ is a constant mapping to x. �

Corollary 21. Let V be a regular variety of unary algebras of type Δ satisfying the condition (d1). If ϕ : Γ_1X −→ Γ_1X^′ is a continuous homomorphism for objects X and X^′ of S(P_A), then there exists a morphism ψ : X^′ −→ X of S(P_A) with Γ_1ψ = ϕ. Thus K(V) is universal for every subcategory K of PAR containing the category C L.

Proof. Let ϕ : Γ_1X −→ Γ_1X^′ be a continuous homomorphism for objects X = (X, V ) and X^′ = (X^′, V^′) of S(P_A). By the defintions of Γ_1X and Γ_1X^′ and by Proposition 6, {α^X_i | i = 0, 1} = {ω_{Γ1X} (0) | ω ∈ Δ_0}, {α^{X 0}_i | i = 0, 1} = {ω_{Γ1X} 0 (0) | ω ∈ Δ_0}. Hence ϕ(α^X_i ) = α^{X 0}_i for i = 0, 1, and thus ϕ is not a constant mapping. By Lemmas 18 and 20, ϕ(y) = y for all y ∈ B ∪ C. Hence ϕ(e_i) = e_i for i = 0, 1 and, by Lemma 18, ϕ(y) = y for all y ∈ E. Since ϕ(α^X_i ) = α^{X 0}_i for i = 1, 2 and since α^{X 0}_i are distinct constant mappings, we deduce, by Lemma 19, that there exists a mapping ψ : X^′ −→ X such that (ϕ(ν))(x) = ν(ψ(x)) for all ν ∈ A^X and all x ∈ X^′. For ν ∈ V we have ν = (d_1, ν) and b_1 = (d_0, ν) and, by Lemma 18, we conclude that ϕ(y, ν) = (y, ϕ(ν)) for all y ∈ D. Thus ϕ(ν) ∈ V^′. Hence (P_A(ψ))(V ) = ϕ(V ) ⊆ V^′, and therefore ψ : X^′ −→ X is a morphism of S(P_A) with Γ_1ψ = ϕ. The rest follows from Theorem 8. �

Theorem 22. Let Vbe a regular variety of unary algebras of type Δ satisfying the condition (d2). If ϕ : Γ_2X −→ Γ_2X^′ is a continuous homomorphism for objects X and X^′ of S(P_A), then there exists a morphism ψ : X^′ −→ X of S(P_A) with Γ_2ψ = ϕ. Thus K(V) is universal for every subcategory K of PAR containing the category C L.

Proof. Let ϕ : Γ_2X −→ Γ_2X^′ be a continuous homomorphism for objects X = (X, V ) and X^′ = (X^′, V^′) of S(P_A). Since F_V (∅) is a subset of Im(ϕ) and because F_V (∅) is a nontrivial algebra, we deduce that the homomorphism ϕ is not constant. By Lemmas 18 and 20, for every z ∈ Z there exist t_z, u_z ∈ Z such that ϕ(y, z) = (y, t_z ) for all y ∈ B and ϕ(y, z) = (y, u_z) for all y ∈ C. Thus, by Lemma 19, t_z = u_z and there exists a mapping ψ_z : X^′ −→ X such that ϕ(ν, z) = (ν ∘ ψ_z, t_z) for all ν ∈ A^X because ϕ(α^X_i , z) = (α^{X 0}_i , t_z) for i = 1, 2. By Lemma 18, ϕ(y, z, z^′, j) = (y, t_z, t_z0 , j) for all y ∈ E, z, z^′ ∈ Z and j = 1, 2. From (P_Aψ_z(ν), z) = ϕ(ν, z) for all ν ∈ V and all z ∈ Z it follows that P_Aψ_z(V ) ⊆ V^′ for all z ∈ Z. Since {(α_0, z) | z ∈ Z} is a subalgebra of Γ_2X and Γ_2X^′ isomorphic to F_V (∅), we deduce that ϕ(α_0, z) = (α_0, z) and therefore z = t_z for all z ∈ Z. Since ω_{Γ2X} (ν, z) = (ν, ω_FV_{(∅)}(z)) and since F_V (∅) is connected we conclude that ψ_z = ψ_z0 for all z, z^′ ∈ Z. Set ψ = ψ_z for z ∈ Z, then Γ_2ψ = ϕ. The rest follows from Theorem 8. �

Theorem 23. Let Vbe a regular variety of unary algebras of type Δ satisfying the condition (d3). If ϕ : Γ_3X −→ Γ_3X^′ is a continuous homomorphism for objects X and X^′ of S(P_A), then there exists a morphism ψ : X^′ −→ X of S(P_A) with Γ_3ψ = ϕ. Thus K(V) is universal for every subcategory K of PAR containing the category C L.

Proof. Let ϕ : Γ_3X −→ Γ_3X^′ be a continuous homomorphism for objects X = (X, V ) and X^′ = (X^′, V^′) of S(P_A). If Γ_3X^′ = (U_3X^′, {ω_{Γ3X} 0 | ω ∈ Δ}, τ ) then from the construction of Γ_3X^′ it follows that the algebra (U_3X^′, {ω_{Γ3X} 0 | ω ∈ Δ}) is a disjoint union of algebras isomorphic to F_V ({x}) or to the second power of F_V ({x}) for some singleton set {x}. Hence, by (d3), (U_3X^′, {ω_{Γ3X} 0 | ω ∈ Δ}) has no singleton subalgebra, and thus ϕ is a non-constant mapping, because Im(ϕ) is a subalgebra of (U_3X^′, {ω_{Γ3X} 0 | ω ∈ Δ}). By Lemmas 18 and 20, there exist mappings λ_ϕ : UOp(V) −→ UOp(V) and λ^′_ϕ : UOp(V) −→ UOp(V) such that ϕ(b, γ) = (b, λ_ϕ(γ)) for all b ∈ B and all γ ∈ UOp(V) and ϕ(c, γ) = (c, λ^′_ϕ(γ)) for all c ∈ C and all γ ∈ UOp(V). In particular, ϕ(α^X_0 , γ) = (α^{X 0}_0 , λ_ϕ(γ)) and ϕ(α^X_1 , γ) = (α^{X 0}_1 , λ^′_ϕ(γ)). By Lemma 19, we conclude that λ_ϕ(γ) = λ^′_ϕ(γ) for all γ ∈ UOp(V) and that there exists ψ_γ : X^′ −→ X such that ϕ(ν, γ) = (ν ∘ ψ_x, λ_ϕ(γ)) for all ν ∈ A^X and all γ ∈ UOp(V), because α^{X 0}_0 and α^{X 0}_1 are distinct constant mappings. Lemma 18 implies that ϕ(d, ν, γ) = (d, ν ∘ ψ_γ , λ_ϕ(γ)) for all d ∈ D, ν ∈ V and ϕ(e, γ, γ^′, j) = (e, λ_ϕ(γ), λ_ϕ(γ^′), j) for all e ∈ E, γ, γ^′ ∈ UOp(V) and j = 1, 2. Hence ψ_γ (V ) ⊆ V^′, and therefore ψ_γ : (X^′, V^′) −→ (X, V ) is a morphism of S(P_A) for all γ ∈ UOp(V). From Lemmas 12 and 18 it follows that if ω ∈ Δ then ϕ(f, r, γ) = (f, r, λ_ϕ(γ)) for all f ∈ F , all arcs r of G_ω and all γ ∈ UOp(V). Since

(f_1, r^ω_1 , γ) = (c_1, γ ∘ ω) for all γ ∈ UOp(V) and all ω ∈ Δ, we deduce that

(c_1, λ_ϕ(γ) ∘ ω) = (f_1, r^ω_1 , λ_ϕ(γ)) = ϕ(f_1, r^ω_1 , γ) = ϕ(c_1, γ ∘ ω) = (c_1, λ_ϕ(γ ∘ ω))

and hence λ_ϕ(γ) ∘ ω = λ_ϕ(γ ∘ ω) for all γ ∈ UOp(V) and all ω ∈ Δ. Thus λ_ϕ commutes with the inner right translation of ω in Mon(V) for every ω ∈ Δ. Since the set Δ generates the monoid Mon(V), we obtain that λ_ϕ commutes with all inner right translations of Mon(V) and, by Theorem 5, λ_ϕ is equal to an inner left translation of Mon(V), in particular λ_ϕ ∈ M_V . Since ϕ is a homomorphism we obtain that ϕ ∘ ω_{Γ3X} = ω_{Γ3X} 0 ∘ ϕ for all ω ∈ Δ. Hence we deduce that

(b_1, λ_ϕ(ω ∘ γ)) = ϕ(b_1, ω ∘ γ) = ϕ ∘ ω_{Γ3X} (b_1, γ) = ω_{Γ3X} 0 ∘ ϕ(b_1, γ) = ω_{Γ3X} 0 (b_1, λ_ϕ(γ)) = (b_1, ω ∘ λ_ϕ(γ))

for all ω ∈ Δ and all γ ∈ UOp(V). Hence λ_ϕ(ω ∘ γ) = ω ∘ λ_ϕ(γ) for all ω ∈ Δ and all γ ∈ UOp(V). Thus λ_ϕ commutes with the inner left translation of ω in Mon(V) for all ω ∈ Δ. Since Δ generates Mon(V) we obtain that λ_ϕ commutes with all inner left translations of Mon(V) and thus λ_ϕ ∈ Com(M_V ). By Proposition 7, λ_ϕ is the identity mapping. From

(ν ∘ ψ_γ , ω ∘ γ) = ω_{Γ3X} 0 (ν ∘ ψ_γ , γ) = ω_{Γ3X} 0 ∘ ϕ(ν, γ) = ϕ ∘ ω_{Γ3X} (ν, γ) = ϕ(ν, ω ∘ γ) = (ν ∘ ψ_{ω∘γ} , ω ∘ γ) for all ν ∈ A^X , all γ ∈ UOp(V) and all ω ∈ Δ it follows that ψ_γ = ψ_{ω∘γ} for all γ ∈ UOp(V) and all ω ∈ Δ. Since Δ generates Mon(V), we conclude, by Theorem 5, that ψ_γ = ψ_γ0 for all γ, γ^′ ∈ UOp(V). Set ψ = ψ_γ . Then ψ : X^′ −→ X is a morphism of S(P_A) with Γ_3ψ = ϕ. The rest follows from Theorem 8. �

Now Theorem 3 is a consequence of Corollary 21 and Theorems 22 and 23. Thus Theorems 2 and 3 are proved. �

Remark. The characterization of all universal topological unary varieties remains open, but Theorem 21 can be generalized to certain non-regular varieties. Consider a variety V of unary algebras such that F_V (∅) is a nontrivial algebra and for a singleton set X = {x} and for S(X) = {γ_{FV (X)}(x) | γ ∈ UOp(V)}, we have F_V (∅)\S(X) ≠ ∅ and F_V (∅)∩S(X) ≠ ∅ (we assume that F_V (∅) is the subalgebra of F_V (X) generated by ∅). For any object X = (X, V ), we let Γ_4X be the quotient topological algebra of Γ_2X by the least equivalence ∼ such that (•) (x, z) ∼ (x^′, z) for all x, x^′ ∈ A^X ∪ B ∪ C ∪ (D × V ) and all z ∈ S(X) ∩ F_V (∅); (•) (x, z, z, j) ∼ (x^′, z, z, j^′) for all x, x ∈ E, j, j^′ ∈ {1, 2} and all z ∈ S(X) ∩ F_V (∅). In a standard way we obtain that Γ_4 is a faithful contravariant functor from S(P_A) into

C L(V) and, analogously to the proof of Theorem 21, it can be shown that Γ4 : S(PA) −→ K(V) is a contravariant full embedding for any subcategory K of PAR containing C L.

The main obstacle of the generalization of Theorem 2 to all varieties of unary algebras is the fact that the construction of Γ_3 and hence the proof of Theorem 23 cannot be used for non-regular varieties of unary algebras.

References

1. M. E. Adams and H. A. Priestley, De Morgan algebras are uiversal, Discrete Math. 66 (1987), 1–13. 2. M. Armbrust and J. Schmidt, Zum Cayleyschen Darstellungssatz, Math. Ann. 154 (1964), 70–72.

(German) 3. G. Birkhoff, On groups of automorphisms, Revista Unión Math. Argentina 11 (1946), 155–157. (Spanish) 4. H. Cook, Continua which admit only the identity mapping onto non-degenerate subcontinua, Fund.

Math. 60 (1967), 241–249.

5. M. Demlová and V. Koubek, Endomorphism monoids in small varieties of bands, Acta Sci. Math.

(Szeged) 55 (1991), 9–20.

6. E. Fried and J. Sichler, Homomorphisms of commutative rings with unit element, Pacific J. Math. 45 (1973), 485–491.

7. E. Fried and J. Sichler, Homomorphisms of integral domains of characteristic zero, Trans. Amer. Math.

Soc. 225 (1977), 163–182.

8. R. Frucht, Herstellung von Graphen mit vorgegebener abstrakter Gruppe, Compos. Math. 6 (1938), 239–250. (Germen) 9. P. Goralčík, V. Koubek and J. Sichler, Universal varieties of (0, 1)-lattices, Canad. J. Math. 42 (1990), 470–490.

10. G. Grätzer and J. Sichler, On the endomorphism semigroup (and category) of bounded lattices, Pacific J. Math. 35 (1970), 639–647.

11. Z. Hedrlín, Non-constant continuous transformations form any semigroup with unity, Nieuw Archief voor Wiskunde XIV (1966), 230–236.

12. Z. Hedrlín and P. Goralčík, On translations of semigroups I, Matemat. časopis SAV 4 (1968), 161–176.

(Russian) 13. Z. Hedrlín and J. Lambek, How comprehensive is the category of semigroups?, J. Algebra 11 (1969), 195–212.

14. Z. Hedrlín and A. Pultr, Relations (graphs) with given finitely generated semigroups, Monatsh. Math.

68 (1964), 213–217.

15. Z. Hedrlín and A. Pultr, Symmetric relations (undirected graphs) with given semigroups, Monatsh.

Math. 69 (1965), 318–322.

16. Z. Hedrlín and A. Pultr, On full embeddings of categories of algebras, Illinois J. of Math. 10 (1966), 392–406.

17. Z. Hedrlín and J. Sichler, Any boundable binding category contains a proper class of mutually disjoint copies of itself, Algebra Universalis 1 (1971), 97–103.

18. H. Herrlich, On the concept of reflections in general topology, Proc. Symp. on Extension Theory of Topological Structures, Berlin, 1967.

19. J. R. Isbell, Subobjects, adequacy, completeness categories of algebras, Rozpravy Matematyczne 36 (1964).

20. V. Koubek, Each concrete category has a representation by T2-paracompact topological spaces, Comment. Math. Univ. Carolin. 15 (1974), 655–663.

21. V. Koubek, Universal expansion of semigroup varieties by regular involution, Semigroup Forum 46 (1993), 152–159.

22. V. Koubek, and J. Sichler, Universal varieties of semigroups, J. Austr. Math. Soc. (Series A) 36 (1984), 143–152.

23. V. Koubek and J. Sichler, Finitely generated universal varieties of distributive double p-algebras, Cahiers Topologie Géom. Différentielle 35 (1994), 139–164.

24. V. Koubek and J. Sichler, On full and faithful Kan extension, Applied Categorical Structures 6 (1998), 291–332.

25. V. Koubek and J. Sichler, Endomorphism monoids of chained graphs, Discrete Math. (to appear). 26. L. Kučera and A. Pultr, Non-algebraic concrete categories, J. Pure Appl. Algebra 3 (1973), 95–102. 27. A. Pultr and V. Trnková, Combinatorial, Algebraic and Topological Representations of Groups, Semigroups and Categories, North Holland, Amsterdam, 1980.

28. J. Rosický, Codensity and binding categories, Comment. Math. Univ. Carolin. 16 (1975), 515–529. 29. G. Sabidussi, Graphs with given infinite groups, Monatsh. Math. 64 (1960), 64–67.

30. J. Sichler, Testing categories and strong universality, Canad. J. Math. 25 (1973), 370–385. 31. V. Trnková, Non-constant continuous mapping of metric and compact Hausdorff spaces, Comment.

Math. Univ. Carolin. 13 (1972), 283–295.

32. V. Trnková, Nonconstant continuous maps of spaces and of their β-compactifications, Topology Appl.

33 (1989), 47–62.

33. V. Trnková, Universal concrete categories and functors, Cahiers Topologie Géom. Différentielle 34 (1993), 239–256.

Department of Theoretical Computer Science and Institute of Theoretical Computer Science The Faculty of Mathematics and Physics Malostranské nám. 25 118 00 Praha 1 Czech Republic

E-mail address:

koubek@ksi.ms.mff.cuni.cz