Complexity of compatible decompositions of eulerian graphs and their transformations^∗

Jana Maxová^{1,2} Jaroslav Nešetřil^{1,2}

Abstract

In this paper some earlier defined local transformations between eulerian trails are generalized to transformations between decompositions of graphs into (possibly more) closed subtrails. For any graph G with a forbidden partition system F , we give an efficient algorithm which transforms any F -compatible decomposition of G into closed subtrails to another one, and at the same time it preserves F -compatibility and does not increase the number of subtrails by more than one. From this, several earlier results for eulerian trails easily follow. These results are embedded into the rich spectrum of results of theory of eulerian graphs and their applications. We further apply this statement to digraphs and discuss the time complexity of enumeration of all F -compatible decompositions (resp. of all F -compatible eulerian trails) in both graphs and digraphs.

1 Introduction

A closed trail in a graph G is a sequence v_0, e_1, v_1, . . . , v_{t−1}, e_t, v_t of its vertices and edges such that v_t = v_0, for every i, e_i is incident with v_{i−1}, v_i, and all edges e_1, . . . , e_t are distinct. A closed trail which contains all edges of G is called eulerian trail. Eulerian trails belong to the very classical combinatorial structures, yet they play a prominent role in many modern branches of graph theory, such as network flows, graph polynomials, coloring problems, nowherezero flows, cycle double cover conjecture, to name just a few (see [6] and [9] for many more examples). Eulerian trails provide also some background structure for problems in areas as diverse computational biology [17, 16] and knot theory [2, 22]. Although the basic questions related to eulerian trails (such as existence, number and various optimization problems) are well-known and were clarified long time ago, the new applications produce specific problems which are interesting (and sometimes hard). One such area of problems is the study

∗The research was supported by project LN00A056 of the Ministry of Education of the Czech Republic

1Department of Applied Mathematics, Charles University, Malostranské nám. 25, 118 00 Praha 1, Czech Republic 2Institute for Theoretical Computer Science (ITI), Charles University, Malostranské nám.

25, 118 00 Praha 1, Czech Republic.

of eulerian trails which satisfy special local conditions such as forbidding special consecutive pairs of edges. This study was initiated by A. Kotzig [11, 1] and continued by G. Sabidussi who related it to the Cycle double cover conjecture and other well-known problems, see [6, 18].

In this paper we address this problem in the full generality and consider the set S(G, F ) of all decompositions of G into closed trails with respect to a given set F of forbidden transitions at every vertex (see Section 2 for definitions). In section 4 we give an efficient algorithm for transforming any two F -compatible decompositions of S(G, F ) (F a partition system in G) to one another with preserving the F -compatibility and not increasing the number of trails in the decomposition by more than one (see Theorem 1). This result also implies and gives short (and algorithmic) proofs of several results obtained earlier: Kotzig’s theorem on transformations between eulerian trails [1, 11] (Corollary 2) and theorem of Fleischner et al. concerning transformations between F -compatible eulerian trails [7] (Corollary 1).

Our approach has been partly inspired by chord-diagrams which play an important role in knot theory (see for example [12, 15] for papers related to Vassiliev invariants). Chord diagrams are defined as a circle with additional set of disjoint chords (i.e. a matching). For a given knot, the chords correspond to the crossing points (in the plane projection) and thus to the double occurrence of a vertex in the eulerian trail. The graphs in knot theory are 4-regular planar graphs (or 2-in 2-out planar digraphs).

This can be naturally generalized to diagrams of arbitrary eulerian trail v_0, e_1, . . . , e_m, v_m = v_0 in graph G = (V, E) as follows: We consider a cycle of length m with vertices 1, . . . m and with extra added disjoint complete graphs {K_v}_{v∈V} . These complete graphs correspond to vertices of G; V (K_v) = {v_i | v_i = v}. The complete graph K_v is specified by the polygon inscribed in the cycle (these polygons may be degenerated). For distinct vertices u ≠ v in G, the polygons K_u, K_v have disjoint vertices. The diagrams of eulerian trails could be also called polygonal diagrams.

Some questions related to diagrams of eulerian trails are much harder than for chord diagrams (i.e. diagrams of 4-regular planar graphs). One such problem is e.g. the Gauss problem which is already open for graphs with maximum degree at most six (see [8, 5] for the solution for 4-regular graphs). Still the diagram is a useful tool which motivated some of our constructions below. For example, the three main transformations are schematicly depicted in Fig. 1 (we skip the detailed description).

2 Terminology

We use standard graph theory notation, see e.g. [13]. G = (V, E) will always denote an (undirected) graph with the vertex-set V and the edge-set E.

E(v) denotes the set of edges incident with v. Any two-element subset of E(v) is called a transition through v. T (v) denotes the set of all transitions through v and T (G) = ⋃ v∈V T (v) the set of all transitions of G.

Figure 1: Diagrams of transformations

If X(v) is a partition of E(v) into two-element classes (i.e. each class of X(v) is a transition through v), then X(v) is called a transition system through v and X = ⋃ v∈V X(v) is called a transition system of G.

S_k(G) denotes the set of all decompositions of G into exactly k (edge-disjoint) closed trails. In particular, S_1(G) denotes the set of all (closed) eulerian trails of G. We set S(G) = ⋃_∞ k=1 S_k(G). Let us remark that two closed trails in an (undirected) graph are considered as equal if one can be obtained from another by a cyclic permutation and possibly by a complete reversal.

Let S = {S_1, . . . , S_k} ∈ S_k(G), X_{Si} , is the set of transitions which correspond to a subsequence of S_i. Then X_S = ⋃_k i=1 X_{Si} is a transition system of G.

And conversely, every transition system X of G defines a (unique) S ∈ S(G), i.e. there is a unique S such that X = X_S. n(X) denotes the number of closed trails in the decomposition of G defined by X (i.e. if X = X_S for S ∈ S_k(G), then n(X) = k). If there is no danger of confusion, we will not distinguish between the transition system and the decomposition into closed trails defined by it. Let us stress that this correspondence is not between eulerian trails and transitions systems. Of course, any decomposition of the edge set of a connected graph into closed trails may be combined to a single eulerian trail, however at the expense that the transition system is changed. We are interested here in those operations which do not change transition system too much. This is captured by the notion of compatibility. Its origin lies in questions first raised by A. Kotzig for eulerian trails and by G. Sabidussi for cycle decompositions.

Let G be a graph and F ⊆ T (G) any subset of its transitions. F = ⋃ v∈V F (v), where F (v) ⊆ T (v). Any transition t of G such that t ∈ F is said to be forbidden, any transition t of G such that t /∈ F is said to be admissible (or also compatible). (G, F ) will denote a graph with a given forbidden system F . If for every v, F (v) is a transitive relation on E(v) we say that F = ⋃ v∈V F (v) is a forbidden partition system of G. This is consistent with definitions given in [6, 7].

Another possibility how to view a forbidden system of transition is the following: To every F (v), there is a corresponding graph G_{F (v)} on the set of neighbors of v with edges corresponding to forbidden transitions through v. More formally, V (G_{F (v)}) = {u ∈ V (G) | {u, v} ∈ E(G)}, E(G_{F (v)}) = {{u, u^′} | {{u, v}, {u^′, v}} ∈ F (v)}. Note that if F is a forbidden partition system in G, then G_{F (v)} is a disjoint union of complete graphs (for every v).

Let (G, F ) be given and let S ∈ S_k(G), S is said to be F -compatible (or simply compatible) if X_S ∩ F = ∅. S_k(G, F ) denotes the set of all F - compatible decompositions of G into (exactly) k closed trails. Again, S(G, F ) = ⋃_∞ k=1 S_k(G, F ). These definitions capture several important instances. S_1(G) is just the set of all eulerian trails in G and if F is a red-blue partition of E(G), then S_1(G, F ) denotes the set of all eulerian trails in G which are alternating in colors [17, 7].

All the above defined notions can be easily modified for directed graphs. In this paper, D = (V, A) always denotes a directed graph, A^+(v) (resp. A^−(v)) denotes the set of all arcs outgoing from (resp. incoming to) v. A transition through v in D is any two-element subset of A(v) with one element in A^+(v) and the other one in A^−(v). We skip precise definitions of other notions, they are similar to the undirected case.

Our aim now is to define some local transformations between elements of S(G, F ) which preserve F -compatibility. As we will see, our generalization to decompositions into more closed trails is very natural. For simplicity we define the transformation between transition systems, but of course, they uniquely determine also transformations between elements of S(G).

Definition 1 Let X, X^′ be two transition systems of a graph G such that |X \ X^′| = 2, that is X and X^′ differ in only two transitions.

1. If n(X^′) = n(X), then we say that X^′ arises from X be a segment reversal.

2. If n(X^′) = n(X) + 1, then we say that X^′ arises from X be a split. 3. If n(X^′) = n(X) − 1, then we say that X^′ arises from X be a join. Note that whenever X and X^′ differ in only two transitions, then these are transitions through the same vertex (i.e. there is a vertex v ∈ V (G) such that X(u) = X^′(u) for every u ≠ v) and furthermore n(X^′) ∈ {n(X), n(X) ± 1}. Hence, |X \ X^′| = 2, if and only if X^′ arises from X by a segment reversal, by a split or by a join.

The above defined transformations have their natural meanings, segment reversal corresponds to reversing a segment (i.e. a part of one trail between two occurrences of the same vertex), split corresponds to dividing one trail of S into two closed trails and join corresponds to joining two elements of S into one closed trail.

Later we will need the following technical definition. Let X be a transition system in a graph G such that {g, g^′}, {h, h^′} ∈ X(v) and {g, h} /∈ F (v). We define a new transition system Y = join(X, g, h) by: Y = { X \ {{g, g^′}, {h, h^′}} ∪ {{g, h}, {g^′, h^′}} if {g^′, h^′} /∈ F (v) X \ {{g, g^′}, {h, h^′}} ∪ {{g, h^′}, {g^′, h}} otherwise Note that if F is a partition system and X ∩ F = ∅ then also Y ∩ F = ∅.

3 Formulation of main problems and results

We are interested in the possibility of transforming two F -compatible transition systems into one another by means of the transformations defined above such that the F -compatibility is preserved throughout this process and the number of closed trails of any decomposition is not increased by more than one. More formally, we define:

reachability problem input: (G, F ) a graph with a forbidden system

X, X^′ two F -compatible transition systems of G.

question: Does there exist a sequence X = X_0, X_1, . . . , X_n = X^′ such that for all 0 = 1, . . . , n:

1. X_i is F -compatible transition system of G, 2. n(X_i) ≤ max{n(X), n(X^′)} + 1, 3. |X_i \ X_{i+1}| = 2, 4. if n(X_i) = max{n(X), n(X^′)} + 1, then n(X_{i+1}) = n(X_i) − 1.

Theorem 1 Let F be a forbidden partition system in G. Then for any transition system X, X^′ compatible with F , there is a polynomial algorithm which finds the transforming sequence X = X_0, X_1, . . . , X_n = X^′ satisfying conditions 1.-4. above.

In particular, Theorem 1 implies that when F is a partition system, the answer to reachability problem is always ”yes”. A polynomial algorithm for the reachability problem is presented below.

In Section 6 we discuss algorithmic complexity of the following decision and evaluation problems:

graph compatible decomposition problem (gcd) input: (G, F ) a graph with a forbidden system question: Is S(G, F ) ≠ ∅?

♯graph compatible decomposition problem (♯gcd) input: (G, F ) a graph with a forbidden system question: Determine |S(G, F )|.

Similarly, we can define graph compatible trail problem (gct) and ♯graph compatible trail problem (♯gct) concerning the existence and number of F -compatible eulerian trails. For the lack of space we skip definitions of analogous problems for digraphs: digraph compatible decomposition problem (dcd), ♯digraph compatible decomposition problem (♯dcd), digraph compatible trail problem (dct), and ♯digraph compatible trail problem (♯dct).

Algorithm for reachability problem for partition systems

input: (G, F ) a graph with a forbidden partition system X ≠ X^′ transition systems in G such that X ∩ F = ∅, X^′ ∩ F = ∅ and n(X), n(X^′) ≤ ℓ output: A sequence X = X_0, X_1, . . . , X_k = X^′_k, . . . , X^′_1, X^′_0 = X^′.

Step 1:

Set i := 0, X_i := X and X^′_i := X^′.

Step 2:

Choose a vertex v such that X_i(v) ≠ X^′_i(v) and edges a, b, c, d, e ∈ E(v) (possibly d = e) such that {a, b}, {c, d} ∈ X_i \ X^′_i and {a, c}, {b, e} ∈ X^′_i \ X_i. Set Y_1 := X_i \ {{a, b}, {c, d}} ∪ {{a, c}, {b, d}}, Y_2 := X_i \ {{a, b}, {c, d}} ∪ {{a, d}, {b, c}}, Y_3 := X^′_i \ {{a, c}, {b, e}} ∪ {{a, b}, {c, e}}, Y_4 := X^′_i \ {{a, c}, {b, e}} ∪ {{a, e}, {b, c}}. Step 3:

3.1. If Y_1 ∩ F = ∅, then X_{i+1} := Y_1, X^′_{i+1} := X^′_i and go to Step 4. 3.2. If Y_3 ∩ F = ∅, then X_{i+1} := X_i, X^′_{i+1} := Y_3 and go to Step 4. 3.3. If min{n(Y_2), n(Y_4)} ≤ ℓ, then X_{i+1} := Y_2, X^′_{i+1} := Y_4 and go to Step 4.

3.4. If n(Y_2) = n(Y_4) = ℓ + 1, then

if a and e appear in different trails of X, then X^′_{i+2} := X^′_{i+1} := Y_4, X_{i+1} := Y_2, X_{i+2} := join(Y_2, a, e) i := i + 1 and go to Step 4, otherwise X_{i+1} := Y_2, X_{i+2} := join(Y_2, b, e), X^′_{i+2} := X^′_{i+1} := X^′_i , i := i + 1 and go to Step 4.

Step 4:

If n(X_{i+1}) = ℓ + 1, then choose edges g, h such that {g, h} ∈ X^′_{i+1} and g, h appear in different trails of X_{i+1}. Set X_{i+2} := join(X_{i+1}, g, h), X^′_{i+2} := X^′_{i+1}, i := i + 1.

If n(X^′_{i+1}) = ℓ+1, then choose edges g, h such that {g, h} ∈ X_{i+1} and g, h appear in different trails of X^′_{i+1}. Set X^′_{i+2} := join(X^′_{i+1}, g, h), X_{i+2} := X_{i+1}, i := i + 1.

Step 5:

If X_{i+1} = X^′_{i+1} then STOP, otherwise i := i + 1 and go to Step 2.

4 Proof of Theorem 1

We prove that the transforming sequence constructed by the above algorithm satisfies the required properties 1. − 4. Because of the lack of space, let us only stress some most important parts of the proof: Note that at least one of Y_1 and Y_2 (and similarly) also at least one of Y_3 and Y_4) is F -compatible. All X_i’s and X^′_i ’s are F -compatible, but it might happen that n(X_{i+1}) = ℓ + 1 or n(X^′_{i+1}) = ℓ + 1. Still, after Step 3, the current pair X_{i+1} and X^′_{i+1} satisfies min{n(X_{i+1}), n(X^′_{i+1})} ≤ ℓ and |X_{i+1}∩X^′_{i+1}| is increased. After Step 4, the current pair X_{i+1} and X^′_{i+1} satisfies n(X_{i+1}), n(X^′_{i+1}) ≤ ℓ and |X_{i+1} ∩ X^′_{i+1}| is again increased or remains the same. Thus, X = X_0, X_1, . . . X_k = X^′_k . . . , X^′_0 = X^′ (after possibly deleting repetitive consecutive members of the sequence) satisfies conditions 1. − 4. required by Theorem 1.

As to the time complexity of the algorithm, the number of repetitions of Steps 2 to 4 is at most |X \ X^′| ≤ m, where m is the number of edges of G. Furthermore (by brute force counting) it is quite clear that each Step 1 to 5 can be done in time O(m). Thus, the time complexity of our algorithm is O(m^2) in the worst case.

5 Applications to eulerian trails

As F -compatible eulerian trails are special cases of F -compatible decompositions, Theorem 1 can be applied also to eulerian trails. In particular, as its consequence for k = ℓ = 1, we obtain results of Fleischner et al. [7] and Kotzig [11]. Our corollaries are even stronger than the original results which proved only existence of the transforming sequence, we give a polynomial algorithm which constructs it.

Corollary 1 Let F be a forbidden partition system in a graph G and let T, T^′ ∈ S_1(G, F ). Then there is a polynomial algorithm which constructs a sequence X_0 = X_T , X_1, . . . , X_n = X_T ′ such that for every i = 0, . . . , n:

1. X_i defines F -compatible decomposition of G into at most 2 trails

2. |X_i \ X_{i+1}| = 2, 3. if n(X_i) = 2 then n(X_{i+1}) = 1.

Corollary 2 Let T, T^′ ∈ S_1(G). Then there is a polynomial algorithm which constructs a sequence T_0 = T, T_1, . . . , T_n = T^′ such that for every i = 1, . . . , n, T_i arises from T_{i−1} by a segment reversal.

Corollary 1 is an immediate consequence of Theorem 1 for n(X) = n(X^′) = 1. For the proof of Corollary 2 one has to prove a little more, namely that a split and a join (performed consecutively) can be replaced by a finite sequence of segment reversals (which is easy to see).

Theorem 1 can be also applied to digraphs (note that we cannot use segment reversals):

Definition 2 Let X, X^′ be two transition systems of a digraph D such that |X \ X^′| = 2. 1. If n(X^′) = n(X) + 1, then we say that X^′ arises from X be a split.

2. If n(X^′) = n(X) − 1, then we say that X^′ arises from X be a join.

Again, whenever X and X^′ differ in only two transitions, then these are transitions through the same vertex and furthermore n(X^′) = n(X) ± 1. Hence, for digraphs, |X \ X^′| = 2, if and only if X^′ arises from X by a split or by a join.

Let D be a digraph and G its underlying graph. The orientation of D defines a natural forbidden transition system F in G (F (v) consists of two equivalence classes corresponding to A^+(v) and A^−(v)). Clearly there is a 1-1 correspondence between elements of S_k (G, F ) and S_k (D). Thus, if we apply Theorem 1 and observe that segment reversals can be never used we obtain the following corollary. The statement for n(X) = n(X^′) = 1 was also observed in [17, 7].

Corollary 3 For any transition system X, X^′ in a digraph D there is a polynomial algorithm which constructs a sequence X = X_0, X_1, . . . , X_n = X^′ such that for every i:

1. X_i transition system of D,

2. n(X_i) ≤ max{n(X), n(X^′)} + 1,

3. |X_i \ X_{i+1}| = 2,

4. if n(X_i) = max{n(X), n(X^′)} + 1, then n(X_{i+1}) = n(X_i) − 1.

6 Complexity remarks

In this section we consider the complexity of enumeration problems ♯gcd (resp. ♯dcd, ♯gct, ♯dct) for eulerian graphs and digraphs. First let us consider the seemingly simplest case when there are no forbidden transitions.

As there is a 1-1 correspondence between elements of S(G) and transition systems in G (and the same holds also for digraphs) and |X(v)| equals to the number of all perfect matching of a complete graph on deg_G(v) vertices (which is (deg_G(v) − 1)!! if deg_G(v) is even) we have |S(G)| = ∏ v∈V (G) (deg_G(v) − 1)!!.

Similarly, by counting the number of perfect matchings in a complete bipartite graph, one gets |S(D)| = ∏ v∈V (D) (deg^+_D(v))!.

This should be compared with the difficulty of determination of |S_1(G)|. It is an open (and well known) problem whether this problem is a ♯P -complete or not (see [14]). It is known that for graphs with maximum degree at most six, there is a fully polynomial randomized approximation scheme (FPRAS) and a fully polynomial almost uniform sampling (FPAUS) [20]. Perhaps some of our results will lead to a better understanding of this. The number |S_1(D)| (of eulerian trails in a digraph D) is of course counted by the classical BEST-formula [4, 19].

For general forbidden systems of transitions we have:

Theorem 2 Problem ♯gcd (for a general forbidden system) is ♯P -complete.

Proof: In fact we prove even more. We prove that ♯gcd is equivalent to the problem of counting of all perfect matchings in a graph (which is known to be ♯P -complete [21]).

Given a graph H = (V, E), we define G by V (G) = V × {+1, −1} ∪ {0}, E(G) = {{0, (v, i)} | i = ±1, v ∈ V } ∪ {{(v, +1), (v, −1)} | v ∈ V }. Since all vertices of G except 0 are of degree 2, the only forbidden transitions could be through vertex 0. We define F = F (0) as follows: {{(v, +1), 0}, {(v^′, −1), 0}} ∈ F (0) ∀v, v^′ ∈ V (H) {{(v, +1), 0}, {(v^′, +1), 0}} ∈ F (0) ⇔ {v, v^′} /∈ E(H) {{(v, −1), 0}, {(v^′, −1), 0}} ∈ F (0) ⇔ {v, v^′} /∈ E(H) It is easy to check that |{M | M is a perfect matching in H}|^2 = |S(G, F )| (transition system of each element of |S(G, F )| corresponds to an ordered pair of two perfect matchings in H, one on (v, +1)- and one on (v, −1)-vertices).

Conversely, for a given (G, F ), we define a graph H such that the number of perfect matchings in H equals to the number of F -compatible decompositions of (G, F ): First, for every vertex v ∈ V (G) we define a graph H_v on the neighbors of v (in G) with edges corresponding to admissible transitions through v in G. More formally, V (H_v) = {u ∈ V (G) |{u, v} ∈ E(G)} E(H_v ) = {{u, u^′} | {{u, v}, {u^′, v}} /∈ F (v)} We put H to be the disjoint union of H_v , v ∈ V (G). It is clear that |{M | M is a perfect matching in H}| = |S(G, F )|. □

Similarly, one can also prove that ♯dcd is a ♯P -complete problem. The question whether problems ♯gcd and ♯dcd have FPRAS is clearly related to the FPRAS for counting perfect matchings and thus presently open. We have seen that the exact evaluation problems as ♯gcd and ♯dcd are hard while the decision problems gcd and dcd are easy (since the question whether a graph has a perfect matching can be answered in polynomial time). For the decision problems gct and dct, the situation is harder. As we will see below, to decide whether a graph G has an F -compatible eulerian trail is an NP -complete problem (and the same holds also for digraphs). Moreover, from the reduction will follow that the corresponding evaluation problems ♯gct and ♯dct are ♯P - complete. These seem to be the first NP -completeness and ♯P -completeness results related to the compatible eulerian trails.

However, if we restrict the input to (G, F ), F is a forbidden partition system, then testing whether S_1(G, F ) ≠ ∅ can be done in polynomial time (for undirected graphs). This follows immediately from the fact that S_1(G, F ) ≠ ∅ ⇔ S(G, F ) ≠ ∅, if F is a partition system [11]. Moreover, assuming S(G, F ) ≠ ∅, one can find an F -compatible eulerian trail by a polynomial algorithm (see [3]).

Theorem 3 Problem dct (i.e. testing S_1(D, F ) ≠ ∅ for general forbidden system F in a digraph D) is NP -complete.

Proof: Let D be a given digraph, we construct a digraph D^{′′} and a forbidden system F in D^{′′} such that D has a hamiltonian cycle if an only if (D^{′′}, F ) has an F -compatible eulerian trail. This finishes the proof as testing hamiltonicity is an NP -complete problem, see [10].

First of all we define a digraph D^′ by V (D^′) = {v^1, v^2 | v ∈ V (D)} and A(D^′) = A^1(D^′) ∪ A^2(D^′), where A^1(D^′) = {(v^1, v^2) | v ∈ V (D)} and A^2(D^′) = {(u^2, v^1) | (u, v) ∈ A(D)}. Further, let D^{′′} arises from D^′ by contracting all arcs in A^2(D^′).

Note that |A(D^{′′})| = |V (D)| (arcs in A^1(D^′) correspond to vertices of D) and if (u, v) ∈ A(D) then u^2 = v^1 in D^{′′}. Hence if D is hamiltonian, then D^{′′} is eulerian. But not conversely. For the other implication we need to define a forbidden system F in D^{′′}. We set F = {{(u^1, u^2), (v^1, v^2)} | u^2 = v^1 in D^{′′} and (u, v) /∈ A(D)}. It follows from the choice of F that (D^{′′}, F ) has an F -compatible eulerian trail if and only if D has a hamiltonian cycle. It may happen (in fact it mostly happens) that D^{′′} is a directed multigraph. If we insist on D^{′′} being a simple digraph, we subdivide each arc of D^{′′} with a vertex of degree two. □

Corollary 4 Problem gct (for general forbidden system F ) is NP -complete.

Proof: We will show that dct can be reduced to our problem. This together with the previous Theorem 3 will finish the proof.

Suppose that (D, F ) (a digraph with an arbitrary forbidden system F ) is given. We will construct an undirected graph G and a forbidden system F^′ in G such that S_1(D, F ) ≠ ∅ ⇔ S_1(G, F^′) ≠ ∅.

We set G to be the corresponding underlying graph of D and let E^+(v) (resp. E^−(v)) denote the edges of G corresponding to A^+(v) (resp. A^−(v)). If e ∈ E(G), then the corresponding arc in D is denoted by −→e . We set: F_1(v) = {{e, f} | {e, f} ⊆ E^−(v) or {e, f} ⊆ E^+(v)}, F_2(v) = {{e, f} | {−→e , −→f } ∈ F (v)}, F^′ = F_1 ∪ F_2.

It is easy to see that there is a 1-1 correspondence between F -compatible eulerian trails in D and F^′-compatible eulerian trails in G. Indeed, if T is an

F -compatible eulerian trail in D, then it is also an F^′-compatible eulerian trail in G (since F_2 ⊆ F^′). Conversely, if T is an F^′-compatible eulerian trail in G, then the choice of F_1 guarantees that it is also an eulerian trail in D and the choice of F_2 that it is F -compatible. Hence, S_1(D, F ) ≠ ∅ ⇔ S_1(G, F^′) ≠ ∅. □

It follows immediately from the proof of Theorem 3, that there is a 1-1 correspondence between hamiltonian circuits in the digraph D and F -compatible eulerian trails in D^{′′}. Thus the evaluation problem ♯dct (and by the same argumentation also ♯gct) can be reduced to counting the number of hamiltonian circuits in a digraph (which is obviously equivalent to counting the number of hamiltonian circuits in an undirected graph, and thus a ♯P -complete problem).

Corollary 5 ♯dct and ♯gct (for general forbidden systems F ) are ♯P -complete problems.

References

[1] J. Abrham, A. Kotzig: Transformations of Euler tours, Annals of Discrete Mathematics, 8 (1980), 65-69

[2] P. N. Balister, B. Bollobás, O. M. Riordan, A. D. Scott: Alternating knot Diagrams, euler circuits and the interlace polynomial, Europ. J. Combinatorics (2001) 22, 1-4

[3] A. Benkouar, Y. G. Manoussakis, V. T. Paschos, R. Saad: On the complexity of some hamiltonian and eulerian problems in edge-coloured completegraphs, ISA ’91, LNCS Vol 557, Springer-Verlag, 1991, 190-198

[4] N. G. de Bruijn, T. van Aerdenne-Ehrenfest: Circuits and trees in oriented graphs, Simon Stevin 28 (1951), 203-217

[5] H. Crapo, P. Rosenstiehl: On lacets and their manifolds, Discrete Mathematics 233 (2001), 299-320

[6] H. Fleischner: Eulerian graphs and related topics, Annals of Discrete Mathematics 45, North-Holland, 1990

[7] H. Fleischner, G. Sabidussi, E. Wengner: Transforming eulerian trails, Discrete Mathematics 109 (1992), 103-116

[8] H. de Fraysseix, P. Ossona de Mendez: On a characterization of Gauss codes, Discrete and Computational Geometry, 2(2), 1999.

[9] Handbook of Combinatorics, edited by R. Graham, M. Grötschel and L. Lovász, North Holland, 1995

[10] R. M. Karp: Reducibility among combinatorial problems, Complexity of Computer Computations, Plenum Press, 1972

[11] A. Kotzig: Eulerian lines in finite 4-valent graphs and their transformations, in P. Erdős and G. Katona (eds.), Theory of Graphs, Akademiai Kiado, Budapest, 1968, 219-230

[12] S. K. Lando: On Hopf algebra in graph theory, J. Combin. Theory, Ser. B 80, 2000, 104-121

[13] J. Matoušek, J. Nešetřil: Invitation to discrete mathematics, Oxford University Press, New York, 1998

[14] M. Mihail, P. Winkler: On the number of eulerian orientations of a graph, Algorithmica (1996) 16, 402-414

[15] S. D. Noble, D. J. A. Welsh: A weighted graph polynomial from chromatic invariants of knots, Ann. Inst. Fourier, Grenoble, (1999) 49, 1057-1087

[16] P. Pančoška, V. Janota, J. Nešetřil: Novel matrix descriptor for determination of the connectivity of secondary structure segments in proteins, Discrete Mathematics 235 (2001), 399-423

[17] P. A. Pevzner: DNA physical mappings and alternating eulerian cycles in colored graphs, Algorithmica (1995) 13, 77-105

[18] G. Sabidussi: Eulerian walks and local complementation, D. M. S. no. 84- 21, Univ. de Montréal, 1984

[19] C. A. B. Smith, W. T. Tutte: On unicursal paths in a network of degree 4, American Mathematical Monthly 48 (1941), 233-237

[20] P. Tetali, S. Vempala: Random sampling of euler tours, Algorithmica (2001) 30, 376-385

[21] L. G. Valiant: The complexity of computing permanent, Theoretical Computer Science, 1979, 189-201

[22] D. J. A. Welsh: Complexity: Knots, colourings and counting, London Mathematical Society, Lecture Note Series 186, Cambridge University Press, 1993