Bell numbers, their relatives, and algebraic differential equations

Martin Klazar^∗

Abstract

We prove that the ordinary generating function of Bell numbers satisfies no algebraic differential equation over C(x) (in fact, over a larger field). We investigate related numbers counting various set partitions (the Uppuluri–Carpenter numbers, the numbers of partitions with j mod i blocks, the Bessel numbers, the numbers of connected partitions, and the numbers of crossing partitions) and prove for their ogf’s analogous results. Recurrences, functional equations, and continued fraction expansions are derived.

1 Introduction

The Bell number B_n counts the partitions of [n] = {1, 2, . . . , n}. The sequence of Bell numbers begins

(B_n)_{n≥1} = (1, 2, 5, 15, 52, 203, 877, 4140, 21147, 115975, . . .)

and is listed in EIS [28] as sequence A000110. It is well-known (Comtet [7, p. 210], Lovász [18, Problem 1.11], Stanley [30, p. 34]) that the exponential generating function of B_n is given by

B_e(x) = ∑ n≥0 B_nx^n n! = e^{ex−1}.

∗Department of Applied Mathematics (KAM) and Institute for Theoretical Computer Science (ITI), Charles University, Malostranské náměstí 25, 118 00 Praha, Czech Republic. ITI is supported by the project LN00A056 of the Czech Ministery of Education. Email:

klazar@kam.mff.cuni.cz

From e^x = (B^′_e/B_e)^′ = B^′_e/B_e we obtain the algebraic differential equation

B^{′′}_e B_e − (B^′_e)^2 − B^′_eB_e = 0.

In this article we prove that, on the other hand, the ordinary generating function (abbreviated ogf ) of B_n, B(x) = ∑ n≥0 B_nx^n = 1 + x + 2x^2 + 5x^3 + 15x^4 + · · · ,

satisfies no algebraic differential equation (abbreviated ADE ) over the field of rational functions C(x). Our proof uses the fact that B(x) satisfies a simple “functional” equation which we show to be incompatible with any ADE.

The method of functional equations applies to several other combinatorial numbers related to B_n. In Section 2 we consider five more counting sequences besides B_n: the Uppuluri–Carpenter numbers B^±_n , the numbers B^{j,i}_n of the partitions of [n] having j mod i blocks, the Bessel numbers B^B_n , the numbers B^{co}_n of connected partitions, and the numbers B^{cr}_n of crossing partitions. While B_n, B^±_n , B^{j,i}_n , and B^B_n have been investigated before, B^{co}_n and B^{cr}_n seem new. In Propositions 2.1–2.4, 2.6, and 2.7 we give functional equations for the corresponding ogf’s and/or relate them to B(x). We give also recurrences for the counting sequences. Using the functional equations, we give two quick derivations of continued fraction expansions. While the expansion (6) of B(x) differs from that found by Flajolet [9], the expansion (19) of B^B(x) coincides with that found by Flajolet and Schott [11]. (In [9] and [11] the expansions are derived by the general method of path diagrams due to Flajolet.) We also give continued fraction expansions of B^±(x) and B^{0,2}(x).

Proposition 3.3 in Section 3 says, roughly speaking, that in any ADE satisfied by the ogf’s B(x) and B^±(x) all derivatives can be eliminated so that just an algebraic equation is obtained. This is used in Theorem 3.5 to prove the announced result and in fact a stronger one: B(x) and B^±(x) satisfy no ADE over the field C{x} of analytic Laurent series. Let N(x) = ∑ n≥0 n! · x^n and ∗ be the Hadamard product of power series (the coefficientwise multiplication). Lipshitz and Rubel [17, Proposition 6.3 (ii) and Remark 5.3] gave an example of a power series F (x) which satisfies an ADE over C(x) but F (x) ∗ N(x) does not. Theorem 3.5 provides another (somewhat simpler) example: since B(x) = B_e(x) ∗ N(x), one can take F (x) = B_e(x). In Theorem 3.7 we show that no B^{j,i}(x) satisfies an ADE over C{x} and that the ogf’s B^{co}(x) and B^{cr}(x) satisfy no ADE over C(x). As for B^B(x), in Theorem 3.11 we prove a result weaker than the previous ones: B^B(x) satisfies no ADE over C{x} of order at most one. Our methods are mostly algebraic but Propositions 3.1 and 3.4 use analytic arguments. In Section 4 we give some concluding comments and open problems.

2 Bell numbers and their relatives

A partition P of a set X is a collection of nonempty and mutually disjoint subsets of X, called blocks, whose union is X. In all partitions that we consider here X is a finite subset of N = {1, 2, . . .}. For a, b ∈ Z with a ≤ b and n ∈ N, the symbols [n] and [a, b] denote the sets {1, 2, . . . , n} and {a, a + 1, . . . , b}, respectively. Let X ⊂ N, |X| = k ≥ 0, and the elements of X be 1 ≤ x_1 < x_2 < . . . < x_k. The inner spaces of X are the k − 1 intervals [x_1 + 1, x_2 − 1], [x_2 + 1, x_3 − 1], . . . , [x_{k−1} + 1, x_k − 1]. The two outer spaces are [1, x_1 − 1] and [x_k + 1, ∞). Alltogether X has k + 1 spaces.

The Bell number B_n is the number of all partitions of [n] (or of any other n-element set). The Stirling number (of the second kind) S(n, k) is the number of the partitions of [n] with exactly k blocks. Clearly, B_n = ∑_n k=1 S(n, k). For more information and references on B_n and S(n, k) see [7, 28], Branson [4], and Pitman [20].

Proposition 2.1 The ogf of Bell numbers B(x) = ∑ n≥0 B_nx^n = 1 + x + 2x^2 + · · · satisfies the equations

B(x) = 1 + x 1 − x · B(x/(1 − x)) (1) B(x/(1 + x)) = 1 + x · B(x). (2)

Proof. Any nonempty partition P of [n], n ∈ N, decomposes in the first block A, 1 ∈ A ∈ P , and the possibly empty partition Q of [n]\A formed by the remaining blocks. Let k = | ⋃ Q| = n − |A|. The elements of A split into k + 1 sequences, according to the spaces of ⋃ Q in which they lie. The only restriction on the sequences is that the first one is nonempty. Thus

B(x) = 1 + x 1 − x · ( ∑ k≥0 B_kx^k · 1 (1 − x)^k )

= 1 + x 1 − x · B(x/(1 − x)).

Eq. (2) follows from (1) by the substitution x → x/(1 + x). □

Iterating (1), we obtain the classical expansion B(x) = ∑ k≥0 x^k (1 − x)(1 − 2x) . . . (1 − kx) . (3)

One can go in the other way and derive (1) from (3): (3) is invariant to the transformation given on the right hand side of (1). So (1) and (3) (and (2)) are equivalent. The third equivalent form of (1) and (3) is the recurrence

B_n = n−1∑ k=0 (_{n−1} k ) B_k, n ≥ 1 and B_0 = 1, (4)

obtained by comparing in (1) the coefficients at x^n or by a direct combinatorial argument. It is well-known that the kth summand of (3) is just the ogf of Stirling numbers: ∑ n≥0 S(n, k)x^n = x^k (1 − x)(1 − 2x) . . . (1 − kx) . (5)

Iterating (1) in a different way, we derive a continued fraction expansion of B(x). We start with the ogf B^{ir}(x) of the irreducible partitions which are the partitions P of [n] such that for every m ∈ [n − 1] at least one block of P intersects both intervals [m] and [m + 1, n]. We have B(x) = 1/(1 − B^{ir}(x)). By (1), B^{ir}(x) = x 1 − (1 − x)B^{ir}(x/(1 − x)) . Iterating this equation and using again B(x) = 1/(1 − B^{ir}(x)), we obtain B(x) = 1 1 − B^{ir}(x) = 1 1 − x 1 − x − x^2 1 − x − x − 2x^2 1 − 2x − x − 3x^2 . .

. (6)

But this is not as neat as the expansion in [9].

The Uppuluri–Carpenter number B^±_n is the difference between the number of the partitions of [n] with an even number of blocks and the number of the partitions with an odd number of blocks: B^±_n = n∑ k=1 (−1)^kS(n, k). (7) We have

(B^±_n )_{n≥1} = (−1, 0, 1, 1, −2, −9, −9, 50, 267, 413, −2180, −17731, . . .) which is sequence A000587 of EIS [28]. These numbers were investigated by Beard [3], Uppuluri and Carpenter [35], Kolokolnikova [15] (here appears the term “Uppuluri–Carpenter numbers”), Subbarao and Verma [34], and Y. Yang [38].

Proposition 2.2 The ogf B^±(x) = ∑ n≥0 B^±_n x^n = 1−x+x^3+· · · of Uppuluri– Carpenter numbers satisfies the equations B^±(x) = 1 − x 1 − x · B^±(x/(1 − x)), (8) B^±(x/(1 + x)) = 1 − x · B^±(x). (9) Proof. By (5) and (7), B^±(x) = ∑ k≥0 (−x)^k (1 − x)(1 − 2x) . . . (1 − kx) . This expansion is invariant to the transformation given on the right hand side of (8). Eq. (9) follows from (8) by the substitution x → x/(1 + x). □ We will need (9) also in the form solved for B^±(x): B^±(x) = 1 x ( 1 − B^±(x/(1 + x)) ) . (10) It follows, completely analogously to the derivations of (4), that B^±_n = − n−1∑ k=0 (_{n−1} k ) B^±_k , n ≥ 1 and B^±_0 = 1. (11)

Using (11) it is straightforward to prove that B^±_n < 0 and B^±_n > 0 hold for infinitely many n ∈ N. In [38, p. 4] this fact is derived from more complicated analytic considerations. It is open if ever B^±_n = 0 for n > 2. See Canfield and Pomerance [5] for a similar problem on S(n, k). Analogously to (6) we obtain

B^±(x) = 1 1 + x 1 − 2x + x − x^2 1 − 3x + x − 2x^2 1 − 4x + x − 3x^2 . .

.

We define numbers related to B^±_n . Let B^{j,i}_n , where j ∈ Z and i ∈ N, be the number of the partitions of [n] whose number of blocks is congruent to j modulo i: B^{j,i}_n = n∑ k=1 k≡j mod i S(n, k). (12)

We set B^{j,i}_0 to be 1 if j ≡ 0 mod i and 0 else. Obviously, B^±_n = B^{0,2}_n − B^{1,2}_n . For example,

(B^{3,4}_n )_{n≥3} = (1, 6, 25, 90, 302, 994, 3487, 15210, 92489, . . .).

For i ∈ N and j ∈ Z we set B^{j,i}(x) = ∑ n≥0 B^{j,i}_n x^n. Numbers B^{j,i}_n were investigated by Lehmer [16] who gave for them recurrent relations and identities.

Proposition 2.3 Let, for a ∈ N and b ∈ Z, δ_{b,a} = 1 if b is divisible by a and δ_{b,a} = 0 else. Let i ∈ N, j ∈ Z, R ⊂ Z with |R| = i be any system of all i residues modulo i (e.g., R = [0, i − 1]), and l ∈ [0, i − 1]. Then we have the equations B(x) = ∑ k∈R B^{k,i}(x) (13)

B^{j+1,i}(x) = δ_{j+1,i} + x 1 − x · B^{j,i}(x/(1 − x)) (14) B^{l,i}(x) = x^l (1 − x)(1 − 2x) . . . (1 − lx) (15) + x^i (1 − x)(1 − 2x) . . . (1 − ix) · B^{l,i}(x/(1 − ix)) where in (13) B(x) is the ogf of Bell numbers and in (15) the first summand is 1 for l = 0.

Proof. Eq. (13) follows immediately from the definitions. By (5) and (12), B^{j,i}(x) = ∑ k≥0 k≡j mod i x^k (1 − x)(1 − 2x) . . . (1 − kx) .

Now (14) follows by considering the action of the substitution x → x/(1 − x) on this expansion. Eq. (15) follows by the same way or it can be derived combinatorially. The combinatorial derivation is a refinement of the proof of (1). We take a partition P of [n] with l modulo i blocks and order the blocks by their minima. The P ’s with l blocks are counted by x^l/((1 − x)(1 − 2x) . . . (1 − lx)) (by (5)). If P has more than l blocks (thus at least i + l), we decompose it in the partition A = {A_1, . . . , A_i} consisting of the first i blocks and the partition Q consisting of the remaining blocks. ⋃ A is split in k + 1 sequences, where k = | ⋃ Q|, according to the spaces of ⋃ Q. The first sequence must be a partition with i blocks, which gives the factor x^i/((1 − x)(1 − 2x) . . . (1 − ix)). The other k sequences are represented by words over the alphabet {1, 2, . . . , i}, which gives the factor 1/(1 − ix)^k. The Q’s are counted by B^{l,i}_k x^k. Summing over k ≥ 0, we get (15). □

Comparing in (15) the coefficients at x^n, one can obtain a recurrence for B^{j,i}_n that is similar to (4) but more complicated. Analogously to (6), we can derive a continued fraction expansion for B^{j,i}(x). For brevity we indicate only the case j = 0, i = 2 but the method is general. Let C = C(x) = x^2 + · · · be given by B^{0,2}(x) = 1/(1−C) — notice that C is not the ogf of the irreducible partitions with even numbers of blocks — and T be the substitution x → x/(1 − x). Note that T^j, j ∈ Z, is the substitution x → x/(1 − jx). Then (15) for l = 0 and i = 2 can be written as

B^{0,2} = 1 + (T x)(T^2x) · T^2B^{0,2}.

This is transformed by B^{0,2} = 1/(1 − C) to C = T x · T^2x 1 + T x · T^2x − T^2C .

Iterating this equation, we obtain the continued fraction expansion

B^{0,2} = 1 1 − C = 1 1 − T x · T^2x 1 + T x · T x^2 −

T^3x · T^4x

1 + T^3x · T^4x −

T^5x · T^6x . .

.

The Bessel number B^B_n is the number of the non-overlapping partitions of [n], which are the partitions having no pair of blocks A, B such that min A < min B < max A < max B. We have

(B^B_n )_{n≥1} = (1, 2, 5, 14, 43, 143, 509, 1922, 7651, 31965, 139685, . . .)

which is sequence A006789 of EIS [28]. Numbers B^B_n were introduced by Flajolet and Schott [11] who related their ogf to Bessel functions and coined their name. Recently they resurfaced in the work of Claesson [6] as counting permutations subject to both local and global restrictions.

Proposition 2.4 The ogf of Bessel numbers B^B(x) = ∑ n≥0 B^B_n x^n = 1 + x + 2x^2 + · · · satisfies the equations

B^B(x) = 1 1 − x − x^2 1 − x · B^B(x/(1 − x))

(16)

B^B(x/(1 + x)) =

1 + x 1 − x^2 · B^B(x)

. (17)

Proof. Let P be a nonempty non-overlapping partition of [n], n ∈ N, and A be its first block, 1 ∈ A ∈ P . If B ∈ P is any other block, then either max B < max A or min B > max A. Let the former blocks B form the partition P_1 and the latter blocks form the partition P_2. P_1 and P_2 are both non-overlapping and possibly empty. P decomposes uniquely in A, P_1, and P_2. Let k = | ⋃ P_1|. A is split into k + 1 sequences according to the spaces of ⋃ P_1. If k = 0, there is only one nonempty sequence of the elements of A. If k ≥ 1, the first and the last sequence must be nonempty and the remaining k − 1 sequences may be empty. The set ⋃ P_2 follows after A and hence also after ⋃ P_1. Thus

B^B(x) = 1 + ( x 1 − x + x 1 − x ( ∑ k≥1 B^B_k x^k 1 (1 − x)^{k−1} ) x 1 − x ) B^B(x)

= 1 + ( x + x^2 1 − x B^B(x/(1 − x)) ) B^B(x). (18)

Solving this equation for B^B(x), we obtain (16). Eq. (17) follows from (16) by the substitution x → x/(1 + x). □

Iterating (16), we obtain the continued fraction expansion of B^B(x) due to Flajolet and Schott [11, p. 424]:

B^B(x) = 1 1 − x − x^2 1 − 2x − x^2 1 − 3x − x^2 . .

. (19)

Comparing in (18) the coefficients at x^n, we obtain the recurrence

B^B_n = B^B_{n−1} + ∑ i, j, k≥0 i+j+k=n−2

( i + j j ) B^B_i B^B_k , n ≥ 2 and B^B_0 = B^B_1 = 1.

We say that two subsets of N cross if there are four numbers 1 ≤ a < b < c < d such that a and c lie in one of the sets and b and d in the other. If A, B ⊂ N and A precedes B, we write A < B. If A lies in an inner space of B, we write A ≺ B. Clearly, if A, B ⊂ N do not cross and are disjoint, then A < B or B < A or A ≺ B or B ≺ A. The crossing graph G(P ) of a partition P has the blocks of P as its vertices and {A, B} is an edge of G(P ) if and only if the blocks A and B cross. The noncrossing partitions P are those for which G(P ) has no edge. Note that every noncrossing partition is also non-overlapping but the opposite is not in general true. An interesting survey article on noncrossing partitions is Simion [27]. The number B^{nc}_n of the noncrossing partitions of [n] is one of the many incarnations of the Catalan numbers: B^{nc}_n = 1 n + 1 ( 2n n ) , see [27] or Stanley [31, Problem 6.19]. Here we are more interested in the numbers of the connected partitions and of the crossing partitions. The former are the partitions P with connected G(P ) and the latter are the partitions P whose G(P ) has no isolated vertex (i.e., every block of P crosses another block). We denote the number of the connected partitions of [n] by B^{co}_n and the number of the crossing partitions of [n] by B^{cr}_n . The following simple lemma helps to deal with crossing graphs of partitions.

Lemma 2.5 Let P be a partition of X ⊂ N and C_1, C_2 be two distinct connected components of G(P ). Then (viewing C_1 and C_2 as sets of blocks of P ) the disjoint subsets ⋃ C_1 and ⋃ C_2 of X do not cross. Thus ⋃ C_1 < ⋃ C_2 or ⋃ C_2 < ⋃ C_1 or ⋃ C_1 ≺ ⋃ C_2 or ⋃ C_2 ≺ ⋃ C_1.

Proof. Let C_1 and C_2 be two nonempty disjoint sets of blocks of P such that each G(C_i) is connected and ⋃ C_1 and ⋃ C_2 cross. This means that there are four numbers a < b < c < d such that a, c ∈ ⋃ C_1 and b, d ∈ ⋃ C_2 (or C_1 and C_2 are switched). If every block of C_1 lay completely in [b + 1, d − 1] or in the complement of the interval, G(C_1) would be disconnected. Hence there is a block A_1 ∈ C_1 intersecting both [b + 1, d − 1] and its complement: there exist α, β ∈ A_1 such that α < b < β < d or b < α < d < β. By the same argument, there is a block A_2 ∈ C_2 that intersects both the interval [α + 1, β − 1] and its complement. But this means that the sets A_1 and A_2 cross and that there is an edge in G(P ) between C_1 and C_2. So C_1 and C_2 cannot be two distinct components of G(P ). □

In particular, if P, C_1, and C_2 are as stated in the lemma and min ⋃ C_1 < min ⋃ C_2, then ⋃ C_1 < ⋃ C_2 or ⋃ C_2 ≺ ⋃ C_1.

Recall that for any power series F (x) = a_1x+a_2x^2 +· · · with a_1 ≠ 0 there is a unique power series G(x) = F (x)^{⟨−1⟩} = b_1x + b_2x^2 + · · · with b_1 ≠ 0, the compositional inverse of F (x), such that F (G(x)) = G(F (x)) = x.

Proposition 2.6 The ogf B^{co}(x) = ∑ n≥0 B^{co}_n x^n = 1+x+x^2 +· · · of numbers of connected partitions expresses in terms of the ogf B(x) as

B^{co}(x) = x (xB(x))^{⟨−1⟩} (20)

where^{⟨−1⟩} denotes the compositional inverse. It satisfies the functional equation

x · B^{co}(B^{co}(x) − 1) − B^{co}(x)^2 + (1 + x) · B^{co}(x) − x = 0. (21)

Proof. Let P be any partition of [n], with n = 0 and P = ∅ allowed, and C be the first component of G(P ), 1 ∈ ⋃ C. Let k = | ⋃ C|. By the previous lemma and the remark after its proof, the remaining components of G(P ) split into k groups according to the spaces of ⋃ C in which they lie (none of them lies in the first space). The components in one group may form an arbitrary partition and the groups are mutually independent. Thus, since C is a connected partition, B(x) = ∑ k≥0 B^{co}_k x^k · B(x)^k xB(x) x = B(x) = B^{co}(xB(x)). (22)

Now (20) follows by substituting for x the power series (xB(x))^{⟨−1⟩}.

We give an algebraic verification of (21) and then a combinatorial derivation. Let U be the substitution x → (x/(1 + x)) · B(x/(1 + x)). Then, by (2) and (22),

x · B^{co}(B^{co}(x) − 1)^U−→ x 1 + x · B(x/(1 + x)) · B(x) B^{co}(x)^2 − (1 + x) · B^{co}(x) + x^U−→ 1 1 + x ( B(x/(1 + x))^2 − B(x/(1 + x)) ) . By (2), the right hand sides are equal. Due to the inverse substitution, so are the left hand sides. This gives (21).

Now we derive (21) combinatorially. For a connected partition P of X ⊂ N, let a = min ⋃ P denote the first element and A ∈ P denote the first block:

a ∈ A. We consider the class of all partitions, called the D-partitions, which arise from connected partitions P by deleting the first element a and marking the elements of A_0 = A\{a} by some label (so that they can be recognized). Note that |A_0| ≥ 1 whenever | ⋃ P | ≥ 2. If D(x) is the ogf of D-partitions, then B^{co}(x) = 1 + xD(x). (23) To obtain another relation between B^{co}(x) and D(x), consider a D-partition D and the graph G_0 that arises from G(D) by deleting the vertex A_0. Let C be any innermost component of G_0, which means that ⋃ C ≻ ⋃ C^′ for no component C^′. It follows, since D originated from a connected partition P , that at least one inner space of ⋃ C must contain an element of A_0. We see that D-partitions are exactly the partitions D obtained by the following recursive construction: D is a concatenation of k ≥ 0 partitions R_1, R_2, . . . , R_k where ⋃ R_1 < ⋃ R_2 < . . . < ⋃ R_k and for every i = 1, . . . , k either (i) R_i is one element of A_0 or (ii) R_i arises by taking a connected partition Q on l = | ⋃ Q| ≥ 2 elements and inserting in the l − 1 inner spaces of ⋃ Q independently l − 1 D-partitions, not all of them empty. Thus D(x) = ∑ k≥0 ( x + B^{co}(xD(x)) − xD(x) − 1 D(x) − (B^{co}(x) − x − 1) )_k . The first x in the summand accounts for the case (i) and the rest accounts for the case (ii). We sum the geometric series and replace, by (23), xD(x) with B^{co}(x) − 1. Further algebraic simplifications produce (21). □

Comparing in (22) the coefficients at x^n, we obtain the recurrence

B^{co}_n = B_n − n−1∑ r=1 B^{co}_r ∑ i_1,...,i_r≥1 i_1+···+i_r =n B_{i1−1} . . . B_{ir −1}

where n ≥ 1. Besides numbers B^{co}_n it involves B_n, which is a certain aesthetical blemish. Using (21), we obtain a recurrence purely in terms of B^{co}_n :

B^{co}_n = n−1∑ r=2 B^{co}_r ∑ i_1,...,i_r≥1 i_1+···+i_r =n−1 B^{co}_{i1} . . . B^{co}_{ir} − n−2∑ i=2 B^{co}_i B^{co}_{n−i}

where n ≥ 3 and B^{co}_1 = B^{co}_2 = 1. We have

(B^{co}_n )_{n≥3} = (1, 2, 6, 21, 85, 385, 1907, 10205, 58455, 355884, 2290536, . . .).

Proposition 2.7 The ogf B^{cr}(x) = ∑ n≥0 B^{cr}_n x^n = 1 + x^4 + 5x^5 + · · · of numbers of crossing partitions expresses in terms of the ogf B(x) as

B^{cr}(x) = 1 x · ( (1 − x) · (xB(x))^{⟨−1⟩} 1 − x − (xB(x))^{⟨−1⟩} )_{⟨−1⟩} (24) or B^{cr}(x) = 1 x + 1 1 − x · ( x − x^2B(x) 1 − x − xB(x) )_{⟨−1⟩} −1 (25)

where^{⟨−1⟩} denotes the compositional inverse.

Proof. The derivation of (24) uses the same decomposition as that of (20). Only B(x) is replaced with B^{cr}(x) because now P is a possibly empty crossing partition, and B^{co}(x) is replaced with B^{co}(x) − x/(1 − x) because now the first component C must not be a single vertex. Thus

xB^{cr}(x) x = B^{cr}(x) = (B^{co}(x) − x/(1 − x)) ∘ (xB^{cr}(x)). (26)

Substituting for x the power series (xB^{cr}(x))^{⟨−1⟩}, we have

(xB^{cr}(x))^{⟨−1⟩} = x B^{co}(x) − x/(1 − x) . Taking the inverse again and replacing B^{co}(x) according to (20), we obtain (24).

To derive (25), we employ another decomposition. We call a partition P sequential if it is empty or if there are k ≥ 1 blocks A_1, . . . , A_k in P such that A_1 < A_2 < . . . < A_k and for every other block B of P we have B ≺ A_i for some i. Let P be any partition. Consider the induced subgraph H of G(P ) formed by the components C such that |C| ≥ 2 and ⋃ C ⊀ A for every onevertex component A. It follows that H is a crossing partition and for every space of ⋃ H the partition lying in it is sequential. Also, this decomposition of P into a crossing partition H on l elements and l + 1 sequential partitions is unique. Thus B(x) = ∑ l≥0 B^{cr}_l x^lF^{l+1}_1 , F_1 = 1 1 − F_2

, F_2 = x 1 − xB(x) . Here F_1(x) counts the sequential partitions lying in a space of ⋃ H. We obtain the relation

xB(x) = F (x) · B^{cr}(F (x)) where F (x) = xF_1(x) = x · 1 − xB(x) 1 − x − xB(x) . Combining both equations, we get F (x) = x · 1 − F (x) · B^{cr}(F (x)) 1 − x − F (x) · B^{cr}(F (x)) . Substituting for x the power series F (x)^{⟨−1⟩} and solving the result for B^{cr}(x), we get (25). □

We rewrite (26) as

xB^{cr}(x)^2 − (1 + x)B^{cr}(x) − (xB^{cr}(x) − 1) · B^{co}(xB^{cr}(x)) = 0.

Comparing the coefficients at x^n, we obtain the recurrence

B^{cr}_n = B^{cr}_{n−1} + n−2∑ i=1 B^{cr}_i B^{cr}_{n−1−i} + n∑ r=1 (B^{co}_r − B^{co}_{r−1}) ∑ i_1,...,i_r ≥1 i_1+···+i_r=n B^{cr}_{i1−1} . . . B^{cr}_{ir −1}

where n ≥ 2, B^{cr}_0 = 1 and B^{cr}_1 = 0. We have B^{cr}_1 = B^{cr}_2 = B^{cr}_3 = 0 and

(B^{cr}_n )_{n≥4} = (1, 5, 20, 84, 388, 1951, 10529, 60478, 367953, . . .).

3 Power series and algebraic differential equations

The ring of power series with complex coefficients C[[x]] contains the subring C{x} of analytic (or convergent) power series; C{x} consists of all power series F (x) = a_0 + a_1x + a_1x^2 + · · · which absolutely converge in a neighborhood of zero. Besides the ring operations, C{x} is closed also to division (if defined), differentiation and to substitutions. The next proposition follows from the standard results of algebraic geometry on local parametrizations of plane curves by the Puiseux series. We found the exposition in Fischer [8, chapters 6 and 7] very readable. Ruiz [25] contains further information on analytic approximations (M. Artin’s approximation theorem).

Proposition 3.1 Suppose that F ∈ C[[x]] is algebraic over C{x}, that is,

A_0F^n + · · · + A_{n−1}F + A_n = 0

holds for some n ∈ N and some analytic coefficients A_i ∈ C{x}, A_0 ≠ 0. Then F is analytic too. □

The field of fractions of C[[x]] is the field of Laurent series C((x)) consisting of all formal sums F (x) = a_kx^k + a_{k+1}x^{k+1} + · · · where a_i ∈ C and k ∈ Z. For F ≠ 0 the requirement a_k ≠ 0 makes the representation unique and we denote this k as ord(F ). We set ord(0) = ∞. We write [x^n]F to denote the coefficient of x^n in the Laurent series F and use similar notation for coefficients in polynomials in two variables. The field of fractions of C{x} consists of all F ∈ C((x)) such that x^kF ∈ C{x} for some k ∈ N. For simplicity we denote this field by C{x} as well. Proposition 3.1 holds also for F ∈ C((x)) and this broader understanding of C{x}.

An ADE (algebraic differential equation) over K of order k, where K is a subfield of C((x)) and k ≥ 0 is an integer, is the differential equation

P (X, X^′, . . . , X^{(k)}) = 0

where P (y_0, y_1, . . . , y_k) is a polynomial over K in k + 1 variables and X ∈ C((x)) is an unknown. If F ∈ C((x)) satisfies such an equation for some k, we say that F is differentially algebraic over K. For k = 0 this simply means that F is algebraic over K. A power series F ∈ C[[x]] is called D-finite (or holonomic) if it satisfies a linear differential equation over C(x), that is, it satisfies an ADE with P = α_0y_0 + · · · + α_ky_k, α_i ∈ C(x). See Stanley [29] and [31, chapter 6] for the importance of this class of power series for combinatorial enumeration.

It is clear from the preceding that the substitutions x → x/(1 − x) and x → x/(1 + x) will play an important role. We denote the latter by S. For F (x) ∈ C((x)) we write SF for F (x/(1 + x)). S is an automorphism of the field C((x)) and ord(SF ) = ord(F ) for every F . As for the differentiation, by the chain rule SF^′ = (1 + x)^2 · (SF )^′. Also, for j ∈ Z the iteration S^j is just the substitution x → x/(1 + jx).

Lemma 3.2 Let r ∈ Z and G, H ∈ C((x)) with G = 1 + (r − 1)x + · · · and ord(H) = r. Then the equation

F = G · SF + H (27)

has no solution F ∈ C((x)).

Proof. Let us try a generic solution F = ∑ n≥k a_nx^n, k = ord(F ). We have to satisfy the equation ∑ n≥k a_nx^n = (1 + (r − 1)x + · · ·) · ∑ n≥k a_n ( x 1 + x )_n + b_rx^r + · · ·

where b_r, a_k ≠ 0. Thus

a_kx^k + a_{k+1}x_{k+1} + R_1 = a_kx^k + (−ka_k + (r − 1)a_k + a_{k+1})x^{k+1} + R_2 + b_rx^r + R_3 R_1 = (−k + r − 1)a_kx^{k+1} + R_2 + b_rx^r + R_3 where ord(R_1), ord(R_2) ≥ k + 2 and ord(R_3) ≥ r + 1. No F satisfies the equation because for no k ∈ Z the orders in the last equation match. The order on the left is always ≥ k + 2. For k < r − 1 the order on the right is k + 1. For k = r − 1 the coefficient in the bracket vanishes and the order is again r = k + 1. For k > r − 1 the order is r ≤ k. □

Now we consider the ogf’s of Bell numbers and of Uppuluri–Carpenter numbers.

Proposition 3.3 Let K be a subfield of C((x)) that contains C(x) and is closed on the substitution S. If B(x) is differentially algebraic over K, then B(x) is algebraic over K. The same holds for B^±(x).

Proof. We proceed by induction on the order k of the ADE satisfied by B = B(x). If k = 0, B is algebraic over K by the definition. We suppose that the statement holds for all orders ≤ k and that B satisfies an ADE over K of order k + 1. This can be written as

P (C, C^′) = 0

where C = B^{(k)}, P ∈ L[y, z] is a nonzero bivariate polynomial, and L is the field K(B, B^′, . . . , B^{(k−1)}) (for k = 0 we set L = K). We deduce from this that C = B^{(k)} is algebraic over L. Then B satisfies an ADE over K of order at most k and we are done by the inductive assumption.

We look first at the action of S on C and C^′. By (2),

SB = 1 + xB and SB^′ = (1 + x)^2(SB)^′ = (1 + x)^2B + x(1 + x)^2B^′.

It follows easily by the differentiation that for l ≥ 0

SB^{(l)} = α_l + β_lB^{(l)} and SB^{(l+1)} = γ_l + δ_lB^{(l)} + ε_lB^{(l+1)}

where the coefficients α_l, γ_l ∈ K(B, B^′, . . . , B^{(l−1)}) and β_l, δ_l, ε_l ∈ K satisfy α_0 = 1, β_0 = x, γ_0 = 0, δ_0 = (1 + x)^2, ε_0 = x(1 + x)^2 and

α_{l+1} = γ_l + δ_lB^{(l)}, β_{l+1} = ε_l, γ_{l+1} = (1 + x)^2(γ^′_l + δ^′_lB^{(l)}), δ_{l+1} = (1 + x)^2(δ_l + ε^′_l), ε_{l+1} = (1 + x)^2ε_l.

Thus SC = α + βC and SC^′ = γ + δC + εC^′ where α, γ ∈ L and β, δ, ε ∈ Z[x]. The field L is closed to S. The recurrences show that β, δ, ε ≠ 0, εβ^{−1} = (1 + x)^2, β = x + · · ·, and ord(δ) = 0, δ(0) = k + 1.

We take the polynomial P (y, z), which vanishes on C, C^′, to be minimal in the sense that b = deg_z(P ) is smallest among all such P and also the degree a of [z^b]P ∈ L[y] is smallest among all such P with z-degree b. If b = 0, C is algebraic over L and we are done. We assume that b ≥ 1 and derive a contradiction. The action of S on P (C, C^′) = 0 produces the identity

Q(C, C^′) = 0

where Q ∈ L[y, z] is given by Q(y, z) = (SP )(α + βy, γ + δy + εz). It follows, crucially, that Q is also minimal in our sense and [y^az^b]Q = β^aε^b(Sτ) where τ = [y^az^b]P . Let ρ = β^aε^b(Sτ)τ^{−1}. Consider the polynomial R(y, z) = ρP (y, z) − Q(y, z). R(C, C^′) = 0 and hence R must be identically zero; otherwise it would contradict the minimality of P (and Q). So P must satisfy the identity ρP (y, z) = (SP )(α + βy, γ + δy + εz). (28) We show that it is contradictory.

Let z^d be the second largest power of z that appears in P with a nonzero coefficient. It follows from (28) that the case d < b − 1 is impossible. Hence d = b − 1. Let c = deg_y([z^{b−1}]P ) and σ = [y^cz^{b−1}]P . Comparing in (28) the coefficients at y^cz^{b−1}, we obtain the equation

ρσ = (Sσ)β^cε^{b−1} if a + 1 < c (29) ρσ = (Sσ)β^cε^{b−1} + (Sτ)β^abδε^{b−1} if a + 1 = c. (30)

(It follows from (28) that we cannot have a + 1 > c.) Dividing eq. (29) by ρτ = β^aε^b(Sτ), we obtain the identity στ^{−1} = S(στ^{−1}) · β^{c−a}ε^{−1}.

But ord(στ^{−1}) = ord(S(στ^{−1})) (S preserves orders) and ord(β^{c−a}ε^{−1}) = ord(β^{c−a−1} · βε^{−1}) > 0 because ord(β) = 1 and βε^{−1} is a unit. We have a contradiction.

Manipulating (30) in the same way, we obtain the identity στ^{−1} = S(στ^{−1}) · βε^{−1} + bδε^{−1}. We have βε^{−1} = (1 + x)^{−2} = 1 − 2x + · · · and bδβ^{−1} = b(k + 1)x^{−1} + · · ·. Applying Lemma 3.2 with r = −1, F = στ^{−1}, G = βε^{−1}, and H = bδβ^{−1}, we see that this identity is also contradictory. We have shown that b ≥ 1 always leads to a contradiction.

For B^±(x) the previous proof needs only minor adjustments: now β_0 = −x, δ_0 = −(1 + x)^2 and ε_0 = −x(1 + x)^2. Thus β = −x + · · · and δ(0) = −(k + 1). Everything else is as before, in particular εβ^{−1} = (1 + x)^2 and ord(δ) = 0. □

To apply this proposition in combination with Proposition 3.1, we need to establish that B(x) ∉ C{x} and B^±(x) ∉ C{x}.

Proposition 3.4 The power series B(x) and B^±(x) are nonanalytic.

Proof. We begin with B^±(x) and approach it by means of (8) and (10). Suppose, for the contradiction, that B^±(x) is analytic and has the radius of convergence r > 0. By (8) (or by (9)), B^±(x) cannot be a polynomial (take x → ∞) and therefore |B^±_n | ≥ 1 for infinitely many n ∈ N. So r ≤ 1. B^±(x) defines in the disc |z| < r an analytic function B^±(z). Let α ∈ C, |α| = r, be a singularity of B^±(z) on the circle of convergence |z| = r. A simple calculation shows that

{z ∈ C : |z| = r & |^z_{1−z} | < r} = {z ∈ C : |z| = r & Re(z) <^1_2 r^2} and {z ∈ C : |z| = r & |^z_{1+z} | < r} = {z ∈ C : |z| = r & Re(z) > −^1_2 r^2}.

If Re(α) < 0, we use (8) to continue analytically B^±(z) to a neighborhood of α, which contradicts the definition of α. For Re(α) ≥ 0 we use (10) to obtain the same contradiction. Since α ≠ 1 in the former case, α ≠ −1 in the latter case, and never α = 0, we need not be worried by the poles z = −1, 0, 1 in (8) and (10). For every location of α one of (8) and (10) leads to a contradiction. Thus r = 0 and B^±(x) is nonanalytic.

The same argument, using (1) and (2), applies to B(x). In fact, now we need only (2) because α = r > 0 would be a singularity of B(x) if it were analytic (by Pringsheim theorem). Alternatively, we can use Stirling numbers S(n, k) and the set of words W (n, k) = {w ∈ [k]^∗ : |w| = n & w uses every i ∈ [k]} to give a lower bound to B_n. For every n ≥ k ≥ 1, B_n ≥ S(n, k) = |W (n, k)| k! ≥ k^n − k · (k − 1)^n k! = k^n k! − (k − 1)^n (k − 1)! . This shows again that B(x) is nonanalytic. □

For |B^±_n | no simple combinatorial lower bound seems available. Our proof gives lim sup_{n→∞} log |B^±_n |/n = +∞. Subbarao and Verma [34] used the exponential generating function B^±_e (x) = e^{1−ex} and proved, among other results, the stronger bound lim sup_{n→∞} log |B^±_n |/(n log n) = 1 (in fact, they proved it for more general numbers). Y. Yang [38] proved, among other results, that the sequence (|B^±_n |)_{n≥1} is not eventually monotone, log |B^±_n | ≤ log B_n − π^2n/(2 log^2 n) + O(n(log log n)^2/ log^3 n), and #{n ≤ x : B^±_n = 0} = O(x^{2/3}) (but perhaps this set has always just one element).

Theorem 3.5 The ogf B(x) of Bell numbers and the ogf B^±(x) of Uppuluri– Carpenter numbers satisfy no algebraic differential equation over C{x}.

Proof. C{x} contains C(x) and is closed to the substitution S. Suppose, for the contradiction, that B(x) satisfies an ADE over C{x}. By Proposition 3.3, B(x) is algebraic over C{x}. By Proposition 3.1, it is even analytic. But this contradicts Proposition 3.4. The same for B^±(x). □

Proposition 3.1 is appealing and nice in its generality but it has a lengthy proof. One can avoid it and prove the transcendence of B = B(x) and B^±(x) over C{x} directly as follows. Suppose, for the contradiction, that B^k + A_1B^{k−1} + · · · + A_k = 0 where A_i ∈ C{x} and k ≥ 1 is minimum. We can assume that k ≥ 2. The substitution S and (2) give us another equation B^k +^{k+SA1}_x B^{k−1} + · · · = 0. If^{k+SA1}_x ≠ A_1, we subtract both equations and obtain a contradiction with k ≥ 2 or with the minimality of k. Else we have the equation SA_1 = xA_1 − k. It has a unique solution A_1 ∈ C((x)). The analytic continuation argument from the proof of Proposition 3.4 shows that the solution is nonanalytic. So A_1 ∉ C{x}, which contradicts the assumption A_1 ∈ C{x}. The same for B^±(x).

If K is a subset of C((x)), we denote

A^K = {F ∈ C((x)) : F satisfies an ADE over K}.

In the next proposition we collect the closure properties of A^K needed to handle the ogf’s B^{j,i}(x), B^{co}(x), and B^{cr}(x). These are standard results of differential algebra (see, for example, Ostrowski [19, §5]) but for the reader’s convenience we prove them here. We say that M ⊂ C((x)) is closed to substitutions if F, G ∈ M, G(0) = 0, always implies F (G) ∈ M. Similarly, M is closed to compositional inverses if F^{⟨−1⟩} ∈ M whenever F ∈ M and F^{⟨−1⟩} exists.

Proposition 3.6 1. For every differential subfield K of C((x)), A^K is a (differential) subfield of C((x)). 2. Let K be a differential subfield of C((x)) that is closed to substitutions. Then F (G) ∈ A^K whenever F ∈ A^K and G ∈ K, G(0) = 0. 3. A^{C(x)} is closed to compositional inverses.

Proof. 1. First note that if F ∈ C((x)) satisfies an ADE over K of order at most n, then every derivative F^{(n+1)}, F^{(n+2)}, . . . expresses rationally over K in terms of F, F^′, . . . , F^{(n)}. Second, any n+1 rational functions in n variables A_1, A_2, . . . , A_{n+1} ∈ L(y_1, . . . , y_n) (L is an arbitrary field) must be algebraicly dependent over L: P (A_1, . . . , A_{n+1}) = 0 for some nonzero polynomial P with coefficients in L. (The vanishing of P (A_1, . . . , A_{n+1}) translates to a homogeneous linear system whose unknowns are the coefficients of P . If P has large degree, the system has more unknowns than the equations.) Now we suppose that F and G satisfy an ADE over K of order at most n and want to show that also F G ∈ A^K . By the Leibniz formula and the first remark, (F G)^{(m)} ∈ K(F, F^′, . . . , F^{(n)}, G, G^′, . . . , G^{(n)}) for every m ≥ 0. By the second remark, F G, (F G)^′, . . . , (F G)^{(2n+2)} are algebraicly dependent over K and thus F G ∈ A^K . Similarly for F + G and F/G.

2. We suppose that F satisfies an ADE over K of order at most n, take a G ∈ K with G(0) = 0, and we want to show that F (G) ∈ A^K . Since F^{(m)} ∈ K(F, F^′, . . . , F^{(n)}) for every m ≥ 0, by the assumption on K we have that for every m ≥ 0 also F^{(m)}(G) ∈ K(F (G), F^′(G), . . . , F^{(n)}(G)). By the chain rule, F (G)^{(m)} ∈ K(F (G), F^′(G), . . . , F^{(n)}(G)) for every m ≥ 0. So F (G), F (G)^′, . . . , F (G)^{(n+1)} are algebraicly dependent over K.

3. Suppose that F satisfies an ADE over C(x) of order at most n and F^{⟨−1⟩} exists. Thus F^{(m)} ∈ C(x, F, F^′, . . . , F^{(n)}) for every m ≥ 0. Differentiating (F^{⟨−1⟩})^′ = 1/F^′(F^{⟨−1⟩}), we express every (F^{⟨−1⟩})^{(m)}, m ≥ 1, rationally over C in terms of F^′(F^{⟨−1⟩}), . . . , F^{(m)}(F^{⟨−1⟩}). So (F^{⟨−1⟩})^{(m)} ∈ C(F^{⟨−1⟩}, x, F^′(F^{⟨−1⟩}), . . . , F^{(n)}(F^{⟨−1⟩})) for every m ≥ 0. It follows that the derivatives F^{⟨−1⟩}, (F^{⟨−1⟩})^′, . . ., (F^{⟨−1⟩})^{(n+1)} are algebraicly dependent over C(x). □

Theorem 3.7 For every i ∈ N and j ∈ Z, the ogf B^{j,i}(x) satisfies no ADE over C{x}. The ogf’s B^{co}(x) and B^{cr}(x) satisfy no ADE over C(x).

Proof. Let i ∈ N be fixed. Suppose that for some j, 0 ≤ j < i, B^{j,i}(x) satisfies an ADE over C{x}. C{x} meets the hypotheses of 1 and 2 of Proposition 3.6 and, of course, x/(1 + x) belongs to C{x}. Using (14) and 2 of Proposition 3.6, we get that B^{j,i} ∈ A^{C{x}} for every j ∈ [0, i − 1]. By (13) and 1 of Proposition 3.6, we get B ∈ A^{C{x}}. But this contradicts Theorem 3.5. As for B^{co}(x), by (20) we have B(x) ∈ C(x, (x/B^{co})^{⟨−1⟩}). By 1 and 3 of Proposition 3.6, B^{co} ∈ A^{C(x)} would imply B ∈ A^{C(x)}, which is impossible. For B^{cr}(x) we argue similarly, using (24) or (25). □

It is a natural question if in the last theorem the result for B^{co}(x) and B^{cr}(x) holds also for the wider field of analytic coefficients C{x}.

We proceed to the last ogf, B^B(x). The difficulty is that (16) and (17) are, in contrast to the equations for B(x) and B^±(x), nonlinear.

Proposition 3.8 The power series B^B(x) is nonanalytic.

Proof. Let n ∈ N and Q = {C_1, C_2, . . . , C_m}, m ≤ n, be any partition of [n + 1, 2n]; we have ordered the blocks so that min C_1 = n + 1 < min C_2 < . . . < min C_m. We set C_{m+1} = · · · = C_n = ∅ and A_i = {i, 3n − i + 1} ∪ C_i, i = 1, 2, . . . , n. P = {A_1, . . . , A_n} is a non-overlapping partition of [3n] and different partitions Q give different partitions P . Thus B^B_{3n} ≥ B_n for every n ∈ N and B^B(x) is nonanalytic by Proposition 3.4. □

We need a slight generalization of Lemma 3.2. Its proof is very similar and is left to the interested reader.

Lemma 3.9 Let r ∈ Z and G, H ∈ C((x)) with G = 1 + (r − 1)x + · · · and ord(H) = r. Then the equation

F_1 = G · SF_1 + H + F_2

has no solution F_1, F_2 ∈ C((x)) with ord(F_2) ≥ ord(F_1) + 2. □

C((x)) is a subfield of the field of Puiseux series

C((x))^P = { ∑ n≥k a_nx^{n/r} : k ∈ Z, r ∈ N, and a_n ∈ C}. C((x))^P is the algebraic closure of C((x)) (see, for example, Fischer [8, Theorem 7.2] or Walker [36]). A Puiseux series ρ(x) is analytic if ρ(x^r) ∈ C{x} for some r ∈ N. Analytic Puiseux series form the field C{x}^P. In the proof of Theorem 3.11 we need the result that C{x}^P is the algebraic closure of C{x} ([8, Complement of Theorem 7.2]). This is a strengthening of Proposition 3.1. The substitution S is an automorphism of the fields C((x))^P and C{x}^P and it preserves order.

Equations of the type P (F, SF ) = 0, where P ∈ C((x))[y, z] and F ∈ C((x)) is an unknown, play in our approach an important role. In (2) P is linear and B(x) is the unique solution of (2) in C((x)); similarly for (9) and (15). In (27) P is linear too but Lemma 3.2 tells us that in some situations there is no solution. In (17) P is nonlinear and (17) has in C((x)) two solutions: B^B(x) = 1 + x + 2x^2 + 5x^3 + · · · and B^B(x) = x^{−2} − B^B(−x) = x^{−2} − 1 + x − 2x^2 + 5x^3 − · · ·. One easily checks that B^B(x) solves (17) by writting B^B(x) = x^{−2} − MB^B, where M is the substitution x → −x, and using the relation SM = MS^{−1}.

It is convenient to replace B^B(x) with F (x) ∈ C((x)) given by

F (x) = 1 xB^B(x)

(31)

because this change of variables turns (17) into the simpler equation

SF = x^{−1} − F^{−1}. (32)

Eq. (32) can be written equivalently as F = UF where UF = 1 x^{−1} − SF . (33)

We extend the transformation U to C((x))^P. Uρ is defined for every ρ ∈ C((x))^P, except for ρ^∗ = S^{−1}x^{−1} = x^{−1} − 1, and U is a bijection between C((x))^P\{ρ^∗} and C((x))^P\{0}. For the proof of Theorem 3.11 we need to know that the equations ρ = U^j ρ, j ∈ N, have in C((x))^P only nonanalytic solutions ρ.

Lemma 3.10 For every j ∈ N, the equation ρ = U^j ρ has in C((x))^P exactly two solutions: ρ = F (x) = 1/(xB^B(x)) = x^{−1} − 1 − x − 2x^2 − 5x^3 − 15x^4 − · · · and ρ = F (x) = 1/(xB^B(x)) = 1/(x^{−1} − xB^B(−x)) = x + x^3 − x^4 + 3x^5 − 7x^6 + 20x^7 − · · ·. Both are nonanalytic.

Proof. By the above discussion, F and F are solutions of (32) and of ρ = Uρ. Thus they solve also ρ = U^j ρ for every j ∈ N. F and F are nonanalytic since B^B is (by Proposition 3.8). It remains to be shown that ρ = U^j ρ has in C((x))^P at most two solutions. This equation is equivalent to the system Sρ_i = x^{−1} − ρ^{−1}_{i+1}, i = 1, 2, . . . , j where ρ_1 = ρ and ρ_{j+1} = ρ_1 = ρ. Let k_i = ord(ρ_i) ∈ Q. If k_r > 1 for some r, then the r-th equation of the system implies that k_{r+1} = 1 and the remaining equations imply that all k_i are equal to 1, which is a contradiction. If k_r < 1 for some r, then the r − 1-th equation implies that k_{r−1} = −1 and the remaining equations imply that all k_i are equal to −1. Thus either (i) all k_i are −1 or (ii) all k_i are 1. For a Puiseux series η we let ford(η) denote the smalest e ∈ Q\Z such that x^e has in η a nonzero coefficient; we set ford(η) = ∞ if η ∈ C((x)). Clearly, ford(Sη) = ford(η) and ford(η^{−1}) = ford(η) − 2 · ord(η) (for η ≠ 0). Suppose that we have the case (i) and ford(ρ_i) < ∞ for some i. We take the largest fractional order ford(ρ_r) < ∞. The r −1-th equation gives us ford(ρ_{r−1}) = ford(ρ_r)+2, which contradicts the maximality of ford(ρ_r). In the case (ii) we get a similar contradiction taking the smallest ford(ρ_i) < ∞. Thus in the solution all ρ_i must be Laurent series. We denote, for n ∈ Z and 1 ≤ i ≤ j, a_{n,i} = [x^n]ρ_i. In the case (i) the equations imply a_{−1,i} = 1 for every i. For n > −1 the comparison of the coefficients at x^n in the i-th equation gives us a relation P (a_{−1,i}, . . . , a_{n,i}, a_{−1,i+1}, . . . , a_{n−2,i+1}) = 0 where P is an integral polynomial (depending on n but not on i) in which a_{n,i} appears only as the monomial a_{n,i}. Thus all j a_{n,i}’s are uniquely determined by the previously computed a_{m,i}’s, m < n and 1 ≤ i ≤ j, and in the case (i) there is a unique solution in C((x)) (which must lie in Z((x))), namely ρ_i = F . A similar argument shows that in the case (ii) there is a unique solution in C((x)), ρ_i = F . □

Theorem 3.11 The ogf B^B(x) of Bessel numbers satisfies no ADE over C{x} of order at most one.

Proof. We replace B^B(x) with the F (x) given by (31). It is clear that B^B(x) satisfies an ADE over C{x} of order at most one if and only if F (x) does. We assume that P (F, F^′) = 0 for a nonzero polynomial P ∈ C{x}[y, z] and derive a contradiction. Let b = deg_z(P ) be minimum. By Propositions 3.1 and 3.8, B^B(x) is transcendental over C{x}. Thus F (x) is also transcendental over C{x} and b ≥ 1. We make P monic in z: P (y, z) = z^b + R(y)z^{b−1} + · · · where R ∈ C{x}(y); now P ∈ C{x}(y)[z]. ¿From (32) we have SF^′ = (1 + x)^2 · (−x^{−2} + F^′/F^2). So the action of S on P (F, F^′) = 0 yields the identity Q(F, F^′) = 0, where Q ∈ C{x}(y)[z] is given by Q(y, z) = (SP )(α − 1/y, β + γz/y^2) with α = x^{−1}, β = −(1 + x)^2/x^2, and γ = (1 + x)^2. (34)

Eliminating the power z^b, we obtain the identity W (F, F^′) = 0 where W = P − γ^{−b}y^{2b}Q. Since deg_z(W ) ≤ b − 1, W must be identically zero. In particular, [z^{b−1}]W = 0, which means that γR(y) y^2 − bβ − (SR)(α − 1/y) = 0 (35) where α, β, γ ∈ C(x) are given in (34), b ∈ N, and R = [z^{b−1}]P ∈ C{x}(y). Our task is now to show that no R satisfies (35).

Suppose, for the contradiction, that R ∈ C{x}(y) satisfies (35). Then R ≠ 0 and R can be written as R(y) = δ · ∏_k i=1(y − ρ_i)^{ni} ∏_l i=1(y − ρ_{k+i})^{nk+i} (36)

where δ ∈ C{x} is nonzero, n_i ∈ N, and ρ_i are k+l mutually distinct analytic Puiseux series. First we show that l = 0, that is, the denominator of R is 1. The substitution y → α−1/y and the action of S in (35) transform the factor y − ρ to α − y^{−1} − Sρ = −y^{−1} if ρ = ρ^∗ = x^{−1} − 1 and to (Uρ)^{−1}y^{−1}(y − Uρ) if ρ ≠ ρ^∗, where U is defined in (33). The factorization (36) is transformed to (SR)(α − 1/y) = ε · ∏_k i=1(y − Uρ_i)^{ni} ∏_l i=1(y − Uρ_{k+i})^{nk+i} · y^{nk+1+···+nk+l−n1−···−nk} (37) where ε ∈ C{x} is nonzero and we use the convention that y − Uρ_i = 1 for ρ_i = ρ^∗.

Let M_1, M_2, and M_3 be the sets of poles of R(y), y^{−2}R(y), and (SR)(α − 1/y), respectively. Since the left hand side of (35) is identically zero, we must have M_2 = M_3, including the multiplicities. M_2 is M_1 with possibly added 0 and, by (37), M_3 = {Uρ : ρ ∈ M_1 & ρ ≠ ρ^∗} with possibly added 0. If ρ^∗ ∈ M_1, then M_1 ⊃ M = {U^{−1}ρ^∗, U^{−2}ρ^∗, . . .}. The set M is infinite because U^{−j} ρ^∗ ≠ 0 for every j ∈ N (clearly, ord(U^j 0) = 1 for every j ∈ N). This contradicts the finiteness of M_1 and thus ρ^∗ ∉ M_1. Suppose that M_1 ≠ ∅ and take an arbitrary ρ ∈ M_1. Since UM_1 ⊂ M_1, U is injective, and M_1 is finite, we have for some j ∈ N the cycle U^j ρ = ρ. By Lemma 3.10, ρ = F or ρ = F and ρ is nonanalytic. But this contradicts the assumption ρ ∈ C{x}^P (ρ = ρ_i for some i, k + 1 ≤ i ≤ k + l). Hence M_1 = ∅.

We have derived so far that R ∈ C{x}[y]. The multiplicity of 0 ∈ M_2 is at most 2 and the multiplicity of 0 ∈ M_3 is, by (37) and Uρ_i ≠ 0, deg(R). Thus deg(R) ≤ 2 and

R(y) = A_2y^2 + A_1y + A_0

for some A_i ∈ C{x}. Substituting this to (35), we obtain the system

γ · A_2 − α^2 · SA_2 − α · SA_1 − SA_0 − βb = 0 γ · A_1 + 2α · SA_2 + SA_1 = 0 γ · A_0 − SA_2 = 0.

We replace in the first two equations A_2 with the expression A_2 = S^{−1}γA_0 obtained from the third equation. Then, applying S^{−1} again, we express from the first equation A_1 in terms of A^0 and substitute the expression in the second equation. Using (34), we obtain this equation for A_0:

B_1 · S^{−2}A_0 + B_2 · S^{−1}A_0 + B_3 · A_0 + B_4 · SA_0 + B_5 = 0 where

B_1 = x^2 (1 − 2x)^2

, B_2 = x^2 + x − 1 1 − x , B_3 = −x^2 − x + 1,

B_4 = − x^2(1 − x) (1 + x)^2

, and B_5 = b(2 − x).

We recast the equation as

S^{−1}A_0 = −B_3 B_2

· A_0 −

B_5 B_2 − B_1 · S^{−2}A_0 + B_4 · SA_0 B_2 . Lemma 3.9, applied with r = 0, G = −B_3/B_2 = 1 − x and H = −B_5/B_2 = 2b + · · ·, tells us that the equation has no solution F_1 = S^{−1}A_0 ∈ C((x)). We have arrived at a contradiction. □

4 Concluding remarks

The identity B_e(x) = B(x) ∗ e^x (∗ is the Hadamard product), whose modification B(x) = B_e(x) ∗ N(x) we mentioned in the introduction, leads to a quick proof that B(x) is not D-finite. Differentiating B_e(x) = e^{ex−1}, one sees easily that B_e(x) is not D-finite (this is stated in [31, p. 191] as an example). Clearly, e^x = ∑ n≥0 x^n/n! is D-finite. Since the class of D-finite power series is closed to the Hadamard product ([31, Theorem 6.4.12]), it follows that B(x) is not D-finite. The same argument applies to B^±(x) and B^{j,i}(x).

The example of Lipshitz and Rubel [17] that we also mentioned in the introduction is quite interesting: ∑ n≥0 x^{n2} ∈ A^{C(x)} as proved by Jacobi in 1847 but ∑ n≥0 n^2! · x^{n2} ∉ A^{C(x)} since the growth of the coefficients violates a bound derived by Mahler. For more information and problems on ADE’s see Rubel [23, 24].

We conjecture that the ogf B^B(x) of Bessel numbers is not differentially algebraic over C{x}. Banderier et al. [1, Example 20] noted that B^B(x) is not D-finite because the asymptotics of B^B_n , found in [11], is incompatible with the possible growths of the coefficients of D-finite power series as determined in Wimp and Zeilberger [37]. Is there an algebraic proof of this fact?

We mention two more applications of B(x). 1. Reducing (3) modulo any given m ∈ N, we get an expansion of a rational function. It follows from this that the sequence (B_n mod m)_{n≥0} is eventually periodic. But much more is known on the modular behaviour of B_n, see Kahale [12] and Shparlinskiy [26] and the references they give. 2. Let us call, for a given k ∈ N, a partition P of [n] k-sparse if x − y ≥ k whenever x > y lie in the same block of P . Of the B_4 = 15 partitions of [4] only 5 are 2-sparse: 1/2/3/4, 13/2/4, 14/2/3, 1/24/3, and 13/24. That 5 = B_3 is not an accident. If B^{(k|}_n denotes the number of k-sparse partitions of [n], then for n ≥ k always B^{(k|}_n = B_{n−k+1}. This was proved by W. Yang [39] and earlier by Prodinger [21]; see also [30, Problem 1.4.29] and Prodinger [22]. One can easily prove B^{(2|}_n = B_{n−1} by means of (2): since B(x) = B^{(2|}(x/(1−x)) (every partition of [n] is uniquely obtained by “blowing up” the elements of a 2-sparse partition of [m], m ≤ n), by (2) indeed B^{(2|}(x) = 1 + xB(x). Similarly, denoting B^{B,(k|}_n the number of k-sparse non-overlapping partitions of [n], the equations B^B(x) = B^{B,(2|}(x/(1 − x)) and (17) imply the identity

B^{B,(2|}_n = n−2∑ i=0 B^{B,(2|}_i · B^B_{n−i−2} (n ≥ 2). So (B^{B,(2|}_n )_{n≥1} = (1, 1, 2, 4, 10, 27, 80, 255, 870, . . .).

While connected and crossing partitions seem new, connected and crossing matchings have been considered before. These are the corresponding partitions in which all blocks have two elements. Connected matchings were investigated and enumerated by Stein [32] and others; see Klazar [14] or Flajolet and Noy [10] for more references and results. Crossing matchings appear briefly in Stoimenow [33, p. 217] (the condition of crossing — every chord crosses another chord — is important in the investigation of Vassiliev knot invariants by chord diagrams, see Bar-Natan [2]) and are enumerated also in [14]. In [14] we prove that the ogf’s of connected and crossing matchings are not D-finite. It is a consequence of the fact that these ogf’s, in contrast to the partition case, satisfy an ADE over C(x), in fact of order 1. Except for the class of noncrossing partitions, not much seems to be known about enumeration of partition classes defined by forbidden substructures. For example, let us call a partition P of X ⊂ N 3-noncrossing if G(P ) has no triangle. In other words, P has no three mutually crossing blocks. What can be said about the numbers of 3-noncrossing partitions of [n]? What is their asymptotics? Similarly one can consider the numbers of k-noncrossing partitions, k ≥ 3. It follows from the more general bounds in Klazar [13] that these numbers grow only exponentially. However, the exact asymptotics or enumeration seem not to be known even for the case of matchings.

References

[1] C. Banderier, M. Bousquet-Mélou, A. Desnise, P. Flajolet, D. Gardy and D. Gouyou-Beauchamps, Generating functions for generating trees, Discrete Math., 246 (2002), 29–55.

[2] D. Bar-Natan, On the Vassiliev knot invariants, Topology, 34 (1995), 423–472.

[3] R. E. Beard, On the coefficients in the expansion of e^{et} and e^{−et} , J.

Inst. Actuar., 76 (1950), 152–163.

[4] D. Branson, Stirling numbers and Bell numbers: their role in combinatorics and probability, Math. Sci., 25 (2000), 1–31.

[5] E. R. Canfield and C. Pomerance, On the problem of uniqueness for the maximum Stirling number(s) of the second kind, Integers, 2 (2002), A01, 13 pages.

[6] A. Claesson, Generalized pattern avoidance, European J. Combin., 22 (2001), 961–971.

[7] L. Comtet, Advanced Combinatorics, D. Reidel Publ. Co., Boston, MA, 1974.

[8] G. Fischer, Plane Algebraic Curves, AMS, Providence, RI, 2001.

[9] P. Flajolet, Combinatorial aspects of continued fractions, Discrete Math., 32 (1980), 125–161.

[10] P. Flajolet and M. Noy, Analytic combinatorics of chord diagrams.

In: D. Krob, A. A. Mikhalev and A. V. Mikhalev (ed.), Formal power series and algebraic combinatorics. FPSAC’00, Moscow, Russia, June 26-30, 2000, Springer, Berlin, 2002; pp. 191–201.

[11] P. Flajolet and R. Schott, Non-overlapping partitions, continued fractions, Bessel functions and a divergent series, European J. Combin., 11 (1990), 421–432.

[12] N. Kahale, New modular properties of Bell numbers, J. Combin. Theory Ser. A, 58 (1991), 147–152.

[13] M. Klazar, Counting pattern-free set partitions II: Noncrossing and other hypergraphs, Electron. J. Combin., 7 (2000), R 34, 25 pages.

[14] M. Klazar, Non-P-recursiveness of numbers of matchings or linear chord diagrams with many crossings, to appear in Adv. in Appl. Math.

[15] N. A. Kolokolnikova, Relations between sums of certain special numbers. In: G. P. Egorycev and M. L. Platonov (ed.), Asimptoticheskie i perechislitelnye zadachi kombinatornogo analiza. [Asymptotic and enumeration problems of combinatorial analysis], Krasnojarsk. Gos. Univ., Krasnoyarsk, 1976; pp. 117–124.

[16] D. H. Lehmer, Multisectioned moments of Stirling numbers of the second kind, J. Combin. Theory Ser. A, 15 (1973), 210–224.

[17] L. Lipshitz and L. A. Rubel, A gap theorem for power series solutions of algebraic differential equations, Amer. J. Math., 108 (1986), 1193–1214.

[18] L. Lovász, Combinatorial Problems and Exercises, Akadémiai Kiadó, Budapest, 1993.

[19] A. Ostrowski, Über Dirichletsche Reihen und algebraische Differentialgleichungen, Math. Z., 8 (1920), 241–298.

[20] J. Pitman, Some probabilistic aspects of set partitions, Amer. Math.

Monthly, 104 (1997), 201–209.

[21] H. Prodinger, On the number of Fibonacci partitions of a set, Fibonacci Quart., 19 (1981), 463–465.

[22] H. Prodinger, Ordered Fibonacci partitions, Canad. Math. Bull., 26 (1983), 312–316.

[23] L. A. Rubel, Some research problems about algebraic differential equations, Trans. Amer. Math. Soc., 280 (1983), 43–52.

[24] L. A. Rubel, Some research problems about algebraic differential equations II, Illinois J. Math., 36 (1992), 659–680.

[25] J. M. Ruiz, The Basic Theory of Power Series, Friedr. Viewegh & Sohn, Braunschweig/Wiesbaden, 1993.

[26] I. E. Shparlinskyi, On the distribution of values of recurring sequences and the Bell numbers in finite fields, European J. Combin., 12 (1991), 81–87.

[27] R. Simion, Noncrossing partitions, Discrete Math., 217 (2000), 367– 409.

[28] N. J. A. Sloane, editor (2002), The On-Line Encyclopedia of Integer Sequences, published electronically at http://www.research.att.com/∼njas/sequences/.

[29] R. P. Stanley, Differentiably finite power series, European J. Combin., 1 (1980), 175–188.

[30] R. P. Stanley, Enumerative Combinatorics. Volume I, Wadsworth & Brooks/Cole, Monterey, CA, 1986.

[31] R. P. Stanley, Enumerative Combinatorics. Volume II, Cambridge University Press, Cambridge, UK, 1999.

[32] P. R. Stein, On a class of linked diagrams, I. Enumeration, J. Combin.

Theory Ser. A, 24 (1978), 357–366.

[33] A. Stoimenow, On the number of chord diagrams, Discrete Math., 218 (2000), 209–233.

[34] M. V. Subbarao and A. Verma, Some remarks on a product expansion: an unexplored partition function. In: F. G. Garvan and M. E. H. Ismail (ed.), Symbolic Computations, Number Theory, Special Functions, Physics and Combinatorics (Gainesville, FL, 1999), Kluwer, Dordrecht, 2001; pp. 267–283.

[35] V. R. R. Uppuluri and J. A. Carpenter, Numbers generated by the function exp(1 − e^x), Fibonacci Quart., 7 (1969), 437–448.

[36] R. J. Walker, Algebraic Curves, Princeton University Press, Princeton, NJ, 1950.

[37] J. Wimp and D. Zeilberger, Resurrecting the asymptotics of linear recurrences, J. Math. Anal. Appl., 111 (1985), 162–176.

[38] Y. Yang, On a multiplicative partition function, Electron. J. Combin., 8 (2001), R19, 14 pages.

[39] W. Yang, Bell numbers and k-trees, Discrete Math., 156 (1996), 247– 252.