A NOTE ON PROJECTIVE GRAPHS

TOMASZ ŁUCZAK AND JAROSLAV NEŠETŘIL

Abstract. We show that all graphs with a simple extension property are projective. As a consequence of this result we settle in the affirmative a conjecture of Larose and Tardif and characterize all homogeneous graphs which are projective.

1. Introduction

For graphs G, H, a homomorphism f : G → H is a map f : V (G) → V (H), for which {f(x), f(y)} ∈ E(H) whenever {x, y} ∈ E(G). An operation (polymorphism in [2, 8, 19]) on H is any homomorphism f : H^n → H, for some n ≥ 1. Here H^n = H × . . . × H is the direct product defined on V (H) × . . . × V (H) coordinatewise. (Alternatively, H^n can be defined as the maximal graph on the set V (H) × . . . × V (H) with the property that all projections π_i : (x_1, . . . , x_n) → x_i are homomorphisms.) Larose and Tardif [12] defined (in the analogy with posets) projective graphs as graphs for which any idempotent operation (i.e., any homomorphism f : H^n → H which satisfies f(x, . . . , x) = x) is a projection. They also asked if most graphs on a large set are projective.

In this note we show that all graphs with a natural extension property (called fair graphs) are projective. Since almost all graphs on n vertices have good extension properties, this result implies that the fraction of all graphs on n vertices which are projective tends to one as n tends to infinity. Another consequence of our theorem is the characterization of all homogeneous projective graphs.

Projective graphs were studied intensively (see e.g. [19, 14, 5, 15, 12, 13, 17, 18, 2, 1]), see also remarks at the end of this paper.

Date: April 27, 2003.

1991 Mathematics Subject Classification. 05C80.

Key words and phrases. random graphs, graph homomorphisms, projective graphs.

The first author was partially supported by KBN grant 2 P03A 016 23, the second author by a grant LN00A56 of the Czech Ministry of Education. 1

2. Fair graphs

We say that a graph H is fair if for any two sets A, B, of vertices of H, such that A ⊆ B, |A| ≤ 2, |B| ≤ 5, and A is independent, there exists a vertex v of H adjacent to all vertices from A and to no vertices from B \ A. (One can reduce 5 to 3 in the definition of fair graph by elaborating the proof but this is irrelevant to our purpose.) Our main result states that each fair graph, finite or infinite, is projective.

Theorem 1. Every fair graph is projective.

Proof. Our argument is based on the following non-trivial result of Larose and Tardif [12].

Theorem 2. A graph H is projective if and only if it is 2-projective; i.e., if the only homomorphisms f : H × H → H satisfying f(v, v) = v are the projection.

Thus, let H be fair graph and let a homomorphism f : H × H → H be such that f(v, v) = v for every v ∈ V (H). Let us start with the following observation.

Claim 1. If f(v, w) = u for some v, w, u ∈ V (H), then v = u, or w = u. Proof. Suppose that u /∈ {v, w} and v is not adjacent to w. Since H is fair, there exists a vertex t ∈ V (H) which is adjacent to both v and w and is not adjacent to u. Then vertices (v, w) and (t, t) are adjacent in H × H but u = f(v, w) is not adjacent to t = f(t, t), which contradicts the fact that f is a homomorphism.

Now let u ≠ v, w and {v, w} ∈ E(H). Since H is fair, there are two different non-adjacent vertices v^′, w^′ ∈ V (H) \ {v, w, u} such that the only edges between sets S = {v, w, u} and T = {v^′, w^′}, are {v, v^′} and {w, w^′}. Since {(v, w), (v^′, w^′)} ∈ E(H × H), the vertices u and u^′ = f(v^′, w^′) are adjacent in G. But in this case the vertex u^′ must be different from both v^′ and w^′, which, since {v^′, w^′} /∈ E(H), contradicts the first part of the proof. □

Claim 2. If for v, w ∈ V (H), v ≠ w, we have f(v, w) = v, then f(r, s) = r for every r, s ∈ V (H).

Proof. First let us prove the claim under additional assumptions that all vertices v, w, r, s are different and H contains no edges between the sets U = {v, w} and W = {r, s}. Claim 1 implies that f(r, s) is equal to either r or s. Let us suppose then that f(r, s) = s. Since H is fair, there are vertices s̄ ≠ v, w and v̄ ≠ r, s, such that s̄ is adjacent to v and r, but not to s, while v̄ is adjacent to s and w, but not to v. Then

(s̄, v̄) is adjacent in H × H to both (v, w) and (r, s), so f(s̄, v̄) must be adjacent in H to both v and s. However, neither s̄ nor v̄ have this property, which contradicts Claim 1.

Now let v, w, r, s ∈ V (H) be such that v ≠ w and f(v, w) = v. Since H is fair, there are two different vertices t, u of H which are adjacent to none of vertices v, w, r, s. Thus, applying twice the argument from the first part of the proof we infer that f(t, u) = t and f(r, s) = r. □

Now Theorem 1 is an immediate consequence of Claim 2. □

Let us remark that the projectivity of the graph G follows already from Claim 1 as proved in [12]. However under stronger assumption of fairness we have an easy proof of this fact.

It is well known and easy to check that the probability that a graph G_n chosen at random from the family of all graphs with vertex set {1, 2, . . . , n} is fair tends to 1 as n → ∞ (see, for instance, the proof of Theorem 10.5 in [9]), so Theorem 1 implies that G_n is asymptotically almost surely projective.

Theorem 3. The probability that the random graph G_n is projective tends to 1 as n → ∞. □

Remark. Since the probability that G_n is rigid tends to one as n → ∞, the above result implies that with probability 1 − o(1) the random graph G_n is also strongly rigid (for the definitions and discussion of these notions see [16, 19]).

Some particular graphs are of independent interest. For example, the projectivity of complete graphs emerges naturally in the analysis of uniquely colorable graphs. The fact that a finite complete graph is projective was observed by V. Müller [15] (see also [17] for an easy proof which applies to a more general class of finite graphs). Here we give yet another simple argument which shows that a complete graph of any cardinality is projective.

Proposition 4. Every finite or infinite complete graph with at least 3 vertices is projective.

Proof. Let f : K_α × K_α → K_α be a homomorphism such that f(v, v) = v for each v ∈ V (K_α). We show first that for every u ∈ V (K_α) the set f^{−1}(u) is contained in one line, i.e., either f^{−1}(u) ⊆ {u} × V (K_α), or f^{−1}(u) ⊆ V (K_α) × {u}. Indeed, suppose that this is not the case and there exist (v, w), (r, s) ∈ V (K_α) × V (K_α) and u ∈ V (K_α) such that f(v, w) = f(r, s) = u, and pairs (v, w), (r, s) do not lie on one line. This means that v ≠ r and w ≠ s; but then {(v, w), (r, s)} is an edge of K_n × K_n mapped by f into a loop at the vertex u contradicting the fact that K_α contains no loops. Hence, for every u ∈ V (K_α), f^{−1}(u) is contained in a line.

Now take two vertices v^′, v^{′′} ∈ V (K_α), v^′ ≠ v^{′′}. Then, since f(v^′, v^′) = v^′ and f(v^{′′}, v^{′′}) = v^{′′}, we have f(v^′, v^{′′}) ∈ {v^′, v^{′′}}; let us assume that f(v^′, v^{′′}) = v^′. Take any v^{′′′} ∈ V (K_α), v^{′′′} ≠ v^′, and suppose that f(v^′, v^{′′′}) = v^{′′′}. Then any choice of f(v^{′′′}, v^′) would contradict the assumption that each of the sets f^{−1}(v^′) and f^{−1}(v^{′′′}) is contained in one line. Hence, for all u ∈ V (K_α), we have f(v^′, u) = v^′, i.e., f^{−1}(v^′) = {v^′} × V (K_α). Thus, for every v ∈ V (K_α), the set f^{−1}(v) is a full line, which clearly implies that f is a projection. □

As another consequence of Theorem 1 we characterize all projective homogeneous graphs. A countable graph G is called homogeneous (sometime ultrahomogeneous) if any partial isomorphism between two finite subgraphs of G extends to an isomorphism of G. All homogeneous undirected graphs were classified by Lachlan and Woodrow [11] as follows. The finite homogeneous graphs are: complete graphs K_n; their complements – empty graphs D_m; balanced n-partite graphs on nm vertices K_n[D_m]; the complements of K_n[D_m]; and two ’special’ graphs: the cycle C_5 and the Window graph W which is the line graph of K_{3,3}. The infinite homogeneous graphs are: infinite graphs of type K_n[D_m] and their complements; the Rado graph which is the (unique) example of random infinite countable graph; graphs U_k, k ≥ 3, which are universal and homogeneous K_k-free graphs, uniquely determined by the amalgamation property of the class Forb(K_k) of all finite K_kfree graphs (U_k can be constructed as Fraissé limit of this class; see, for instance, [7, 11]); and the complements of U_k.

From the above result of Lachan and Woodrow and Theorem 1 we obtain the following characterization of homogeneous projective graphs.

Theorem 5. The family of all projective homogeneous undirected graphs consists of the following elements:

(i) C_5;

(ii) complete graphs;

(iii) graphs U_k, k ≥ 2, and their complements; (iv) the Rado graph.

Proof. Note first that each projective graph is connected and its vertices can be distinguished by their neighbourhood. It rules out all finite homogeneous graphs except of two special graphs and complete graphs. C_5 is projective by [12], the fact that the window graph W fails to be projective can be verified by a direct inspection (in fact no non-trivial product graph can be projective). The complete graphs are projective by Proposition 4. Finally all graphs U_k, k ≥ 3, and Rado graph, are easily seen to be fair. The complementary graphs are handled similarly as in Theorem 1. Thus the assertion follows. □

We conclude this note with two remarks. First we observe that a similar argument can be used to other countable universal graphs of the type Forb(F) where F is a set of ‘forbidden’ subgraphs, as well as to some other structures (such as oriented graphs, posets and relational structures). Moreover, according to Lachlan [10] (see also [4]) the homogeneous structures are of two types: the stable and unstable ones. In the undirected graph case the unstable ones are formed by U_k, their complements, and the Rado graph; all other homogeneous graphs are stable. Thus our result seems to suggest that all unstable structures tend to be projective while the stable projective ones perhaps could be characterized (it is possible at least for some particular cases like oriented graphs). We shall return to this problem elsewhere.

Despite beeing defined only recently, projectivity seems to be an important property. The fact that complete graphs are projective have been discovered in various context (and proved by various techniques) by Müller, Sauer, Greenwell, Lovász, Nešetřil, Zhu, Larose, Tardif, Alon et al. and possibly others. The proof given above is particularly simple. Projectivity is related to the unique extension of colorings (see [14, 15] and in fact (as shown in [18]) it is equivalent with it. A bit surprisingly, projectivity is related to the complexity of coloring. The fact that the relations invariant to all polymorphisms are exactly the definable sets of relations ([3], see also [8]) implies that the H-coloring problem is NP-complete for any projective graph H. Particularly, this implies that the H-coloring problem is NP-complete for almost all graphs H. Thus (as observed in [2]) for almost all graphs we do not have to use the combinatorially complicated proof of [6]. Finally, note that very recently the projectivity has been related to Furier analysis [1].

Acknowledgement We thank to an anonymous referee for some valuable remarks.

References

1. N. Alon, I. Dinur, E. Friedgut, B. Sudakov: Graph Products, Fourier Analysis and Spectral Techniques (preprint) 2. M. Bodirsky, J. Nešetřil: Constraint Satisfaction Problems with Countable Homogeneous Templates, KAM-DIMATIA Series 2003-618. In: Proceedings of Computer Science Logic and the 8th Kurt Gdel Colloquium, August 25-30, 2003, Vienna, Springer Verlag, 2003.

3. V.G. Bodnarčuk, L.A. Kaluzhnin, V.N. Kotov, B.A. Romov, Galois theory for Post algebras I-II (russian), Kibernetika, 3 (1969), 1-10 and 5 (1969), 1-9. English version: Cybernetics, (1969), 243-252 and 531-539.

4. G. L. Cherlin: Combinatorial Problems Connected with Finite Homogeneity, Contemporary Math. 131 (1992), AMS, 2–30.

5. D. Greenwell, L. Lovász: Applications of Product Colorings, Acta Math. Acad.

Sci. Hungar. 25 (3-4)(1974), 335–340.

6. P. Hell, J. Nešetřil: On the complexity of H-coloring, J. Comb. Th. B 48(1990), 92–110.

7. W. Hodges: Model Theory, Cambridge Unive Press, 1993. 8. P.G. Jeavons: On the algebraic Structure of Combinatorial Problems, Theor.

Comp. Sci. 200 (1998), 185–204.

9. S.Janson, T. Łuczak, A.Ruciński, “Random Graphs,” Wiley, New York, 2000, pp. 333+vii.

10. A. Lachlan: On countable stable structures which are homogeneous for a finite relational language, Israel J. Math. 49 (1984), 69 –153.

11. A. H. Lachlan, R. E. Woodrow: Countable Ultrahomogeneous Undirected Graphs, Trans. Amer. Math. Soc. 262 (1980), 51 – 94.

12. B. Larose, C. Tardif: Strongly Rigid Graphs and Projectivity, Multiple-Valued Logic 7 (2001), 339–361.

13. B. Larose, C. Tardif: Projectivity and independent sets in powers of graphs, J.

Graph Theory 40 (2002), no. 3, 162–171.

14. V. Müller, On colorable critical and uniquely colorable critical graphs, In: Recent Advances in Graph Theory (ed. M. Fiedler), Academia, Prague, 1975.

15. V. Müller: On coloring of graphs without short cycles, Discrete Math. 26 (1979), 165–179.

16. J. Nešetřil: Structural Combinatorics (Graphs homomorphisms and their use), Taiwanese J. Math. 3, 4 (1999), 381–423.

17. J. Nešetřil, X. Zhu: Constructions of Sparse Graphs with Prescribed Circular Colorings, Discrete Math. 233 1–3(2001), 277–291.

18. J. Nešetřil, X. Zhu: On sparse graphs with given colorings and homomorphisms, J. Comb. Th B (to appear).

19. I.G. Rosenberg: Strongly Rigid Relations, Rocky Mountain Journal of Math., Vol. 3, Number 4, 1973, 631-639.

Faculty of Mathematics and CS, Adam Mickiewicz University, 61- 614 Poznań, Poland

E-mail address: <tomasz@amu.edu.pl>

Department of Applied Mathematics, Institute of Theoretical Computer sciences (ITI), Faculty of Mathematics and Physics, Charles University, Praha, Czech Republic

E-mail address: <nesetril@kam.ms.mff.cuni.cz>