A Revival of the Girth Conjecture

Tomáš Kaiser^{1,4} Daniel Král’^{2,4} Riste Škrekovski^{3,4}

Abstract

We show that for each ε > 0, there exists a number g such that the circular chromatic index of every cubic bridgeless graph with girth at least g is at most 3 + ε. This contrasts to the fact (which disproved the Girth Conjecture) that there are snarks of arbitrary large girth. In particular, we show that every cubic bridgeless graph with girth at least 14 has the circular chromatic index at most 7/2.

1 Introduction

We study edge-colorings of cubic graphs. A proper edge-coloring of a graph G is a coloring of all edges of G such that every two incident edges receive distinct colors. The smallest number of colors for which there is a proper edge-coloring is called the chromatic index and denoted by χ^′(G). The chromatic index of a cubic graph is either 3 or 4 by a theorem of Vizing [20]. In this paper, we study circular edge-colorings of simple cubic graphs.

The circular coloring of graphs was introduced by Vince [19] under the name of “star coloring”. A proper circular p/q-edge-coloring is a coloring of edges of G by colors 0, . . . , p − 1 such that the difference modulo p of colors assigned to two incident edges is not among −(q − 1), −(q − 2), . . . , q − 1. A circular p/q-edge-coloring can also be viewed as a coloring by points on a circle of circumference p in such a way that a pair of incident edges receive colors which are at distance at least q on the cycle. The smallest ratio p/q for which there is a proper circular

1Department of Mathematics, University of West Bohemia, Univerzitní 8, 306 14 Plzeň, Czech Republic. E-mail: kaisert@kma.zcu.cz.

2Department of Applied Mathematics, Charles University, Malostranské nám. 25, 118 00 Praha 1, Czech Republic. E-mail: kral@kam.mff.cuni.cz.

3Department of Mathematics, University of Ljubljana, Jadranska 19, 1111 Ljubljana, Slovenia. E-mail: skreko@kam.mff.cuni.cz.

4Institute for Theoretical Computer Science (ITI), Charles University, Praha, Czech Republic. Supported as project LN00A056 by the Ministry of Education of the Czech Republic.

p/q-edge-coloring is called the circular chromatic index of G and denoted by χ^′_c(G) (the minimum is always attained [5, 19]). It can be shown that χ^′(G)−1 < χ^′_c(G) ≤ χ^′(G). It is also true that for each p and q with χ^′_c(G) ≤ p/q, there is a proper circular p/q-edge-coloring of G. For further results on the circular coloring, the reader is referred to a recent survey on the subject by Zhu [22].

It can be easily deduced that 3 ≤ χ^′_c(G) ≤ 4 for each cubic bridgeless graph G and that χ^′_c(G) = 3 iff χ^′(G) = 3. Cubic bridgeless graphs whose chromatic index is equal to 4 are known as snarks [6, 21] (sometimes an additional connectivity requirement is imposed). Zhu [22, Question 8.4] asked whether there is a cubic bridgeless graph whose circular chromatic index is equal to 4. Afshani, Hatami and Tusserkani [1] have recently proved that the circular chromatic index of each cubic bridgeless graph is at most 11/3. This cannot be further improved, as witnessed by the Petersen graph whose circular chromatic index is 11/3. The condition that the graph is bridgeless cannot be removed because there are cubic graphs whose circular chromatic index is equal to 4. There are also bridgeless graphs of maximum degree 3 whose circular chromatic index is equal to 4.

A conjecture of Jaeger and Swart [12] asserts the existence of a number g such that each snark has girth at most g (actually, they conjectured that g = 6 suffices) where the girth of a graph is the length of its shortest cycle. This conjecture has become known as the Girth Conjecture and it was disproved by Kochol [13] who constructed cyclically 5-edge-connected snarks with arbitrary large girths. In the present paper, we prove that the Girth Conjecture “holds” for the circular edge-coloring. In particular, our main result is the following: For each ε > 0, there is a number g such that every cubic bridgeless graph with girth at least g has circular chromatic index at most 3 + ε (Corollary 1). This result is best possible in the following sense: For each g, there is a cubic bridgeless graph with girth g with circular chromatic index greater than 3 (just consider a snark with girth g).

We remark that large girth itself does not imply that the circular chromatic number is smaller than the chromatic number. For each integers k ≥ 1 and g ≥ 3, there is a graph G with girth at least g with χ(G) = χ_c(G) = k as shown by Steffen and Zhu [18]. However, Galluccio, Goddyn and Hell [10] proved the following for graphs avoiding a fixed graph H as a minor: For every graph H and every ε > 0, there is g such that the circular chromatic number of each graph with girth at least g which does not contain H as a minor is at most 2 + ε.

Standard graph theory notation, which can be found e.g. in [7], is used throughout this paper. For X ⊆ V (G), G[X] denotes the subgraph of G induced by vertices of the set X. The order of a graph is the number of its vertices. All the colorings we construct in this paper are circular (3p + 1)/p-colorings. If p is an even integer, the colors are denoted by the numbers −3p/2, −3p/2 + 1, . . ., −1, 0, 1, . . ., 3p/2 − 1, 3p/2. The numbers can be viewed as points evenly distributed along the circle whose circumference is 3p + 1. Thus, two incident edges can be assigned numbers x and y only if p ≤ |x − y| ≤ 2p + 1.

Proofs of our results are based on a concept of systems of independent segments in cubic graphs which is a modification of the concept of independent systems of representatives. Both these concepts are introduced in Section 2. Our main result is stated and proved in Section 3. A more careful analysis allows us to show that the circular chromatic index of each cubic bridgeless graph with girth at least 14 is at most 7/2 (Theorem 4). We conclude the paper by posing several open problems in Section 5.

2 Systems of Independent Segments

In this section, the concept of systems of independent segments is introduced. This concept is closely related to the concept of independent systems of representatives introduced by Fellows [9]. We recall this concept and state some results related to it. These results are then used to derive several lemmas which are essential for our work.

Fix an integer k ≥ 1 and consider a graph G whose vertex set is partitioned into sets V_1, . . . , V_k. Vertices v_1, . . . , v_k form an independent system of representatives (ISR) of G with respect to the partition V_1, . . . , V_k if v_1, . . . , v_k form an independent set and v_i ∈ V_i for each i = 1, . . . , k. An argument based on the topological connectivity of certain simplicial complexes was used to derive a sufficient condition on the existence of an ISR in [4]. A more general form of this argument is stated in [14]. Here, we formulate one of its corollaries.

A subset W of the vertex set of a graph G is called total dominating if the following holds: For each vertex v ∈ V (G), there is a vertex w ∈ W such that vw is an edge of G. Note that we require each vertex v to be adjacent to a vertex of W no matter whether v is in W or not. The smallest size of a total dominating set in G is called the total domination number of G and denoted by γ(G). In this paper, we use the following sufficient condition due to Haxell [11] on the existence of an ISR:

Theorem 1 Let G be a graph whose vertex set is partitioned into sets V_1, . . . , V_k. Then, G has an independent system of representatives with respect to V_1, . . . , V_k if the following holds for each non-empty set I ⊆ {1, . . . , k}: γ ( G[ ⋃ i∈I V_i] ) ≥ 2|I| , where G[ ⋃ i∈I V_i] is the graph induced by the vertices of the union ⋃ i∈I V_i. An interested reader can find other conditions on the existence of ISR’s and some generalizations of the concept in [2, 3, 15].

Instead of independent systems of representatives, we consider systems of independent segments in cubic graphs. Fix a cubic bridgeless graph G with girth g and a 1-factor F of G. We define a graph G_{F,k} for 1 ≤ k ≤ g as follows: Vertices of G_{F,k} are k-tuples (v_1, . . . , v_k) of vertices of G for which there is a cycle C in G \ F such that the vertices v_1, . . . , v_k are consecutive in the cycle C (they form a path in C). Since k ≤ g, the graphs G and G_{F,k} have the same order. Vertices of G_{F,k} are called segments, or k-segments if we want to emphasize the number of vertices in each segment. Two segments (v_1, . . . , v_k) and (w_1, . . . , w_k) are joined by an edge in G_{F,k} if there exist v_i and w_j with v_iw_j ∈ F , i.e., a vertex of one of the segments is adjacent to a vertex of the other one. Notice that the maximum degree of G_{F,k} is at most k^2 (but it need not be a k^2-regular graph unless g is sufficiently large).

Let t be the number of the cycles of G \ F and let C_1, . . . , C_t be these cycles. Vertices of G_{F,k} are partitioned into t sets V_1, . . . , V_t, where each set V_i consists precisely of segments of the cycle C_i, i = 1, . . . , t. Hence, the size of V_i is equal to the length of the cycle C_i and the minimum size of a set V_i is at least g. Segments s_1, . . . , s_t form a system of r-independent segments if s_i ∈ V_i for each i = 1, . . . , t and the distance between each pair of vertices s_i and s_j with i ≠ j in G_{F,k} is at least r + 1. Note that a system of 1-independent segments is just a system of independent representatives in the graph G_{F,k} with respect to V_1, . . . , V_t. In general, a system of r-independent segments is a system of independent representatives in G^r_{F,k} where G^r_{F,k} is the r-th power of the graph G_{F,k}. Recall that the r-th power of a graph is the graph on the same vertex set in which two vertices are joined by an edge if their distance in the original graph is at most r.

We now formulate a sufficient condition on the existence of a system of r-independent segments which is based on Theorem 1:

Lemma 1 Let r and k be positive integers and let G be a cubic bridgeless graph with girth at least 2k^{2r}. For each 1-factor F of G, the graph G_{F,k} contains a system of r-independent segments.

Proof: We need to show that the graph G^r_{F,k} contains an independent system of representatives with respect to the sets V_1, . . . , V_s corresponding to the factor F in the way described before the statement of this lemma. Note that each V_i has size at least 2k^{2r} by the assumption on the girth of G. Since the maximum degree of the graph G_{F,k} is at most k^2, the maximum degree of the graph G^r_{F,k} cannot exceed k^2(k^2 − 1)^{r−1} ≤ k^{2r}. Now, let I be a non-empty subset of the set {1, . . . , s}. Since the order of the graph G^r_{F,k}[ ⋃ i∈I V_i] is at least 2k^{2r} · |I| and its maximum degree is at most k^{2r}, its total domination number is at least 2k^{2r} ·|I| k^{2r} = 2|I|. Then, by Theorem 1, G r F,k contains an independent system of representatives with respect to the sets V_1, . . . , V_s.

3 Circular (3 + ε)-Edge-Colorings

Theorem 2 Let G be a bridgeless cubic graph with girth at least 2(2p)^{2p} where p ≥ 2 is an even integer. Then, the circular chromatic index of G is at most 3 + 1/p.

Proof: Fix an even integer p ≥ 2 and a 1-factor F of G. Note that G must have a 1-factor by Petersen’s theorem [16] since it is a bridgeless cubic graph. In what follows, we construct a circular (3p + 1)/p-edge-coloring of G using the colors −3p/2, −3p/2 + 1, . . . , −1, 0, 1, . . . , 3p/2 − 1, 3p/2. First, certain vertex-disjoint subgraphs called octopuses are found in G. An octopus has the following structure: Let C be a cycle of G \ F . An octopus contains (among others) 2p consecutive vertices v_1, . . . , v_{2p} of C together with all edges incident with them. The cycle C is called the head cycle of the octopus and the vertices of the octopus contained in C form the head of the octopus. Next, let v_{i,0} be a neighbor of v_i in F for i = 1, . . . , 2p and let v_{i,−p+2}, v_{i,−p+3}, . . ., v_{i,0}, . . ., v_{i,p−3}, v_{i,p−2} be 2p − 3 consecutive vertices of the unique cycle of G \ F which contains the vertex v_{i,0}. Next, let v_{i,j,0} be a neighbor of v_{i,j} in F for i = 1, . . . , 2p and j = −p+2, . . . , p−2 and let v_{i,−p+4}, v_{i,−p+5}, . . . , v_{i,0}, . . . , v_{i,p−5}, v_{i,p−4} be 2p−7 consecutive vertices of the cycle of G \ F which contains the vertex v_{i,j,0}. In this manner, we construct p/2 + 1 levels of vertices (the first level contains vertices of the cycle C, the second level vertices v_{i,j} , the third level vertices v_{i,j,k}, etc.). Hence, the i-th level of vertices, 2 ≤ i ≤ p/2 + 1, is composed of a number of blocks of 2p + 5 − 4i vertices consecutive in the cycles of G \ F such that the middle vertex of each block is adjacent to a vertex of the preceding level. Note that blocks of the last level are formed by single vertices.

Figure 1: Examples of octopuses for p = 2 and p = 4.

The octopus itself is formed by the vertices of all levels and all edges incident with at least one such vertex. Examples of octopuses for p = 2 and p = 4 can be found in Figure 1 (edges of the 1-factor are solid while other edges are dotted; the heads are in the bottom). The edges of cycles of G \ F which are incident with two vertices of the octopus are called inner edges, while those incident with exactly one vertex of the octopus are called contact edges. Both the inner and the contact edges are considered to be parts of the octopus. Since the girth of G is greater than 2p^2 + 2p, the subgraph induced by an octopus in the graph G is acyclic. Indeed, if the induced subgraph contained a cycle, then its length would be at most 2 · (p/2 + 1) · 2p = 2p^2 + 2p (observe that if the subgraph induced by the octopus is not acyclic, then its shortest cycle intersect at most two blocks of each level of the potential octopus).

The crucial property of octopuses is the following:

Claim 1 Consider a precoloring of all contact edges with the colors −p/2 and p/2 such that each pair of the contact edges incident with the same block (with the head, respectively) receive opposite colors. Then, this precoloring can be extended to a circular (3p + 1)/p-edge-coloring of the whole octopus.

We postpone the proof of Claim 1 and we begin by showing how it can be used to derive the statement of the theorem.

By Lemma 1, the graph G_{F,2p} contains a system of p-independent segments. Let S be such a system. For each segment s of S, there is an octopus in G whose head is s. Let now O be the set of all octopuses o such that the head of o belongs to S and the head cycle of o has odd length. All the octopuses of O are vertex-disjoint. Indeed, if two of them are not disjoint, then the segments corresponding to their heads have distance in G_{F,2p} at most 2 · p/2 = p which is impossible because S is a system of p-independent segments. In particular, two different octopuses of O can only share an edge which is a contact edge of each of them.

We now construct a circular (3p + 1)/p-edge-coloring of G. Remove from G the edges of the 1-factor F and remove all inner edges of the head of each octopus in O. The remaining graph consists of cycles of even lengths (which are not head cycles) and paths of even length (each odd cycle of G \ F is a head cycle of a single octopus of O). Let us color edges of the remaining graph with the colors −p/2 and p/2 alternately. Observe that the contact edges of each octopus head receive opposite colors. Remove now the colors from all inner edges of octopuses of O. We have just obtained a precoloring of the edges of G \ F except for the inner edges of octopuses of O.

Since a block of each octopus consists of an odd number of vertices, it contains an even number of inner edges and the colors of the two contact edges incident with each block are opposite. Hence, the precoloring can be extended to the interiors of all octopuses by Claim 1. The only uncolored edges of G are now the edges of F contained in no octopus of O. Since such edges are incident only with edges of G \ F colored with the colors −p/2 and p/2, they can be arbitrarily colored with the colors −3p/2 and 3p/2. In this way, we obtain a circular (3p + 1)/p-edge-coloring of the graph G.

Proof of Claim 1: As we said above, we first extend the precoloring to the head, then to the blocks of the second level, then to the blocks of the third level, etc. It will hold that edges of the 1-factor joining the vertices of the i-th and (i + 1)-th levels of the octopus (recall that the first level is its head) will have one of the following p + 2 − 2i colors: −p − i, . . . , −3p/2 + 1, −3p/2 and p + i, . . . , 3p/2 − 1, 3p/2 . We first extend the coloring to the head of the octopus. By symmetry, we may assume that the first contact edge is precolored with −p/2 and the last one with p/2. Then, the coloring of the 2p − 1 inner edges of the head can be as follows: p/2 + 1, −p/2 + 1, p/2 + 2, −p/2 + 2, . . . , p, 0, −p, . . . , p/2 − 1, −p/2 − 1 . Each of the 2p edges of F incident with the head can be colored with one of the colors p + 1, . . . , 3p/2 and −p − 1, . . . , −3p/2. Extensions of a precoloring to the head for p = 2, p = 4 and p = 6 are depicted in Figure 2. In the figure, the edges of the 1-factor are solid while the other edges are dotted.

Recall that the octopus is formed by several levels of vertices such that the i-th level, i ≥ 2, of the octopus consists of several blocks of 2p+5−4i consecutive vertices. From each block, there is a single edge of F joining its middle vertex

Figure 2: Extending a precoloring to the head of the octopus for p = 2, p = 4, p = 6 and a general p (listed from bottom to top).

to the previous level and all other vertices are joined by edges of F to the next level. We call the edge leading to the previous level an input edge of a considered block, while the other edges are output edges of it. We establish the following claim:

Claim 2 Consider a block of the octopus which consists of at least 4k + 1 vertices, 0 ≤ k ≤ p/2 − 1, and whose input edge is colored with the color −3p/2 + k or 3p/2−k. Then, any precoloring, which colors one of the two contact edges by the color −p/2 and the other by the color p/2, can be extended to the whole block in such a way that the output edges avoid the colors −3p/2 + k, . . . , 3p/2 − k.

If k = 0, then color the inner edges by the colors −p/2 and p/2 alternately and the output edges arbitrarily by the colors −3p/2 and 3p/2. Assume in the rest that k ≥ 1. We may also assume that the size of the block is exactly 4k + 1: If the block is larger, simply color the remaining inner edges by the colors −p/2 and p/2 and the output edges by the colors −3p/2 and 3p/2. By the symmetry, assume that the first contact edge is colored with the color −p/2, the last one with p/2 and the input edge with the color −3p/2 + k. The 4k inner edges of the block which are colored with the following colors (each of the following two lines contains 2k colors): p/2 + 1, −p/2 + 1, p/2 + 2, −p/2 + 2, . . . , p/2 + k, −p/2 + k,

Figure 3: Examples of extensions of a precoloring of contact and output edges to whole blocks for p = 2, p = 4 and p = 6 and for k = 1 and k = 2. p/2 + k, −p/2 + (k − 1), p/2 + (k − 1), −p/2 + (k − 2), . . . , p/2 + 1, −p/2 . It is easy to check that the coloring can now be extended using only the colors −3p/2 + (k − 1), . . . , −3p/2 to the output edges (examples of extending precolorings of contact edges to whole blocks for p = 2, p = 4 and p = 6 can be found in Figure 3). This finishes the proof of Claim 2.

We now use Claim 2 to complete the coloring of the octopus, and hence to complete the proof of Claim 1. The colors of the edges of F leaving the head are among p + 1, . . . , 3p/2 and −p − 1, . . . , −3p/2. Since the number of vertices in each block of the second level is 2p − 3 = 4(p/2 − 1) + 1, Claim 2 implies that the coloring can be extended to each of these blocks in such a way that output edges are colored only with the colors p + 2, . . . , 3p/2 and −p − 2, . . . , −3p/2. Now, since the number of vertices in each block of the third level is 2p − 7 = 1 + 4(p/2 − 2), Claim 2 again implies that the coloring can be extended to these blocks in such a way that output edges are colored only with the colors p + 3, . . . , 3p/3 and −p − 3, . . . , −3p/2. In this way, we extend the coloring to all blocks of the octopus. Note that each block of the last level has a single input edge and this edge gets the color −3p/2 or 3p/2 which is consistent with precoloring the two contact edges by the colors −p/2 and p/2. Hence, the proof of Claim 1 is completed, and so is the proof of the whole theorem.

If p is an odd integer, it is possible to use a similar argument, based on octopuses with ⌈p/2⌉ + 1 levels, to prove the following result:

Theorem 3 Let G be a bridgeless cubic graph with girth at least 2(2p)^{2p+1} where p ≥ 3 is an odd integer. Then, the circular chromatic index of G is at most 3 + 1/p.

The main result of our paper is the following corollary of Theorem 2:

Corollary 1 For each ε > 0, there exists an integer g such that each cubic bridgeless graph with girth at least g has circular chromatic index at most 3 + ε.

4 Circular 7/2-Edge-Colorings

In this section, we refine our arguments from Section 3 to show that the circular chromatic index of each cubic bridgeless graph with girth 14 or more is at most 7/2. Note that Theorem 2 implies this statement for graphs with girth at least 32. We first prove an auxiliary lemma:

Lemma 2 Let G be a cubic graph with girth at least 14 and let F be a 1-factor of G. Then, it is possible to assign each edge of F the sign + or − in such a way that the following holds: Each odd cycle of G \ F contains four consecutive vertices v_1, v_2, v_3 and v_4 such that v_1 and v_2 are incident with edges assigned the sign +, while v_3 and v_4 are incident with edges assigned the sign −.

Proof: First, an auxiliary graph G_{F,±} is constructed. For each 4-segment (α, β, γ, δ) of a cycle C of G \ F , the graph G_{F,±} contains two vertices v^±_{α,β,γ,δ} and v^∓_{α,β,γ,δ}. The first one, v^±_{α,β,γ,δ}, represents the requirement that the edges of F incident with α and β are assigned the sign + and the edges incident with γ and δ are assigned the sign −. Similarly, the other vertex v^∓_{α,β,γ,δ}, represents the requirement that the edges of F incident with α and β are assigned − and the edges incident with γ and δ are assigned +. Two vertices of G_{F,±} are joined by an edge if the corresponding requirements contradict each other. For example, if α^′ is the neighbor of α in F and β^′, γ^′ and δ^′ are three consecutive vertices following α^′ in a cycle of G \ F , then the vertices v^±_{α,β,γ,δ} and v^∓_α′_{,β}′_{,γ}′_{,δ}′ are joined by an edge, but the vertices v^±_{α,β,γ,δ} and v^±_α′_{,β}′_{,γ}′_{,δ}′ are not. Formally, G_{F,±} contains an edge between the vertices v^±_{α,β,γ,δ} and v^±_α′_{,β}′_{,γ}′_{,δ}′ if F contains one of the following edges: αγ^′, αδ^′, βγ^′, βδ^′, γα^′, γβ^′, δα^′ or δβ^′ . The same condition holds for the presence of an edge between the vertices v^∓_{α,β,γ,δ} and v^∓_α′_{,β}′_{,γ}′_{,δ}′ in G_{F,±}. Finally, there is an edge between the vertices v^±_{α,β,γ,δ} and v^∓_α′_{,β}′_{,γ}′_{,δ}′ in G_{F,±} if F contains at least one of the following edges: αα^′, αβ^′, βα^′, ββ^′, γγ^′, γδ^′, δγ^′ or δδ^′ . Note that the order of G_{F,±} is twice the order of G and the graph G_{F,±} is 16-regular.

Let r be the number of all odd cycles C_1, . . . , C_r of G \ F and let V_i be the vertices of G_{F,±} corresponding to segments of the cycle C_i, 1 ≤ i ≤ r. Thus, the length of each C_i is at least 15. The size of each V_i is at least 2 · 15 = 30 by the assumption on the girth of G. We want to find a system of independent representatives for G[ ⋃ i=1,...,r Vi] with respect to V1, . . . , Vr. Indeed, such a system

of independent representatives yields an assignment of signs to some edges of F (there is no conflict when assigning signs to edges of F since the vertices of the system represent non-contradictory requirements). This assignment already has the property from the statement of the lemma, and thus an arbitrary extension of it to all edges of F has the claimed property.

We now show that G[ ⋃ i=1,...,r Vi] has a system of independent representatives

with respect to V_1, . . . , V_r. By Theorem 1, it is enough to verify that for each nonempty set I ⊆ {1, . . . , r}, the total domination number of the graph G[ ⋃ i∈I V_i] is at least 2|I|. For the sake of contradiction, assume the opposite and let I_0 ⊆ {1, . . . , r} be a non-empty set such that the total domination number of G[ ⋃ i∈I_0 Vi] is at most 2|I0| − 1. Let W be a total dominating set of size 2|I0| − 1.

We show that G[ ⋃ i∈I_0 Vi] contains a vertex which is not total dominated by W .

The dominance of vertices contained in W can be represented in G as follows: Consider a vertex v^±_{α,β,γ,δ} contained in W . Let α^′, β^′, γ^′ and δ^′ be the neighbors of α, β, γ and δ, respectively, in the 1-factor F . Assign now the sign + to the vertices α^′ and β^′ and the sign − to the vertices γ^′ and δ^′. In case that the vertex v^∓_{α,β,γ,δ} is contained in W , the signs assigned to the vertices α^′, β^′, γ^′ and δ^′ are opposite compared to the previous case. Perform this for each vertex contained in W . Note that some vertices of G may be assigned both signs + and −. Now, a vertex v^±_{a,b,c,d} is dominated by W if one of a and b is assigned − or one of c and d is assigned +. A similar statement is true for the vertex v^∓_{α,β,γ,δ}. By our assumption, both vertices corresponding to each 4-segment of a cycle C_i for i ∈ I_0 are dominated.

Since each vertex of W causes the assignment of signs to four vertices of G, it follows that at most 4|W | ≤ 8|I_0| − 4 signs are assigned altogether. Thus, there is a cycle C_k, k ∈ I_0, whose vertices have been assigned a total of at most 7 signs (if a vertex is assigned both signs + and −, then these two signs are counted as two). Let s be the number of the signs assigned to the vertices of C_k and let t be the number of vertices which have been assigned both signs. The length of C_k is at least 15 because G has girth at least 14 and C_k is an odd cycle. Hence, C_k contains at least 15 − (7 − t) = 8 + t vertices which have not been assigned any sign. Let us call such vertices unsigned. The remaining vertices of C_k are called signed.

In what follows, it will be shown by a simple discharging argument that the set V_k in G_{F,±} contains a vertex which is not dominated by W . Only the signed vertices will have non-zero initial charge. Each vertex which has been assigned both signs + and − has 3 units of initial charge. Each of the other signed vertices has 1 unit of initial charge. Hence, the total initial charge distributed to all signed vertices together is equal to s + t. Note that this is at most 7 + t by the choice of C_k. Unsigned vertices induce in C_k a subgraph consisting of several paths. Let U be the set of these paths. Observe that each path in U consists of at most three vertices because the vertex of V_k corresponding to four consecutive unsigned vertices would not be dominated by W .

The initial charge is distributed from each signed vertex to the paths of unsigned vertices by the following simple rule: Each signed vertex splits its charge to two halves. One half of its charge is sent to the clockwise nearest path of U in C_k and the other half is sent to the anti-clockwise nearest path of U.

We now establish the following claim:

Claim 3 The charge received by each path of unsigned vertices receives is at least the number of vertices it contains.

We distinguish three cases according to the number of unsigned vertices comprising the path. Recall that this number is either 1, 2 or 3.

• If the path consists of a single vertex, then it receives at least a half unit of charge from each of the two signed vertices adjacent to it in C_k. Hence, it receives at least one unit of charge in total.

• Consider now a path comprised of two unsigned vertices. Let u and v be the two signed vertices adjacent to this path in C_k. If u is not assigned both signs, then the neighbor u^′ of u in C_k not contained in the path must be signed (otherwise, the vertices u^′, u and the two vertices of the path correspond to a non-dominated vertex of W ). Hence, either the group receives 3/2 units from the vertex u alone (this is the case that u has been assigned both signs) or 1 unit from the vertices u and u^′ together. Similarly, the path receives at least 1 unit from the signed vertices adjacent to it on its other side. Hence, it receives a total of at least 2 units of charge.

• If the path consists of three vertices, then each of the two vertices adjacent in C_k to this path must have been assigned both signs + and −. Otherwise, this vertex and the three unsigned vertices of the path correspond to a nondominated vertex of V_k. Hence, such a path of vertices receives 3/2 units from each signed vertex adjacent to it. Hence, 3 units of charge are sent to it in total.

This finishes the proof of Claim 3. Since the total initial charge is at most 7 + t, there can be at most 7 + t unsigned vertices but there are at least 8 + t such vertices — a contradiction. We conclude that the total domination number of G[ ⋃ i∈I_0 Vi] is at least 2|I0| as desired. Hence, G[ ⋃ i=1,...,r Vi] contains a system

of independent representatives with respect to V_1, . . . , V_r. This completes the proof of the lemma.

Theorem 4 Every cubic bridgeless graph G with girth at least 14 has circular chromatic index at most 7/2.

Proof: Let F be a 1-factor of G. It exists because G is cubic and bridgeless [16]. We construct a circular 7/2-edge-coloring of G which uses the colors −3, −2, −1, 0, 1, 2 and 3. Consider an assignment σ : F → {+, −} of the signs + and − to edges of F with the property described in the statement of Lemma 2.

An edge e of F is colored with the color +3 if σ(e) = + and it is colored with the color −3, otherwise. Edges of each even cycle of G \ F are colored with the colors −1 and +1 alternately. Consider now an odd cycle C of G \ F and let v_1, v_2, v_3 and v_4 be consecutive vertices of C such that the edges of F incident with v_1 and v_2 have been assigned + and the edges incident with v_3 and v_4 have been assigned −. Let us color the edge v_1v_2 with the color −2, the edge v_2v_3 with the color 0 and the edge v_3v_4 with the color +2. Finally, color the remaining edges of C with −1 and +1 alternately such that the edge incident with v_1 is colored with +1. It is easy to verify that the circular 7/2-edge-coloring obtained in this way is proper.

5 Open Problems

Several new questions related to our results arise. Theorem 4 shows that every cubic bridgeless graph G with girth at least 14 has circular chromatic index at most 7/2. However, it is not clear that the assumption on the girth cannot be further improved. So far we know only that the largest girth of a cubic bridgeless graph with the circular chromatic index strictly larger than 7/2 is between 5 and 13 (recall that the circular chromatic index of the Petersen graph is 11/3).

It is known [8, 17] that the so-called fractional chromatic index of every kedge-connected k-regular graph of even order is equal to k. It is also well-known that the circular chromatic index is sandwiched between the fractional chromatic index and the (usual) chromatic index [22]. Every bridgeless 2-regular graph with at least four vertices has circular chromatic index at most 5/2. And, every bridgeless 3-regular graph has circular chromatic index at most 11/3. We pose the following problem:

Problem 1 Is it true that the circular chromatic index of every k-edge-connected k-regular graph G of even order is smaller than k + 1? Is it always at most k + 1 − 1/k? Possibly, the assumption that G is k-edge-connected can be replaced by the weaker assumption that G is bridgeless. It also seems that the assumption that the order of G is even can be omitted for some values of k.

Finally, it seems natural to ask whether Theorems 2 and 3 with Corollary 1 can be generalized to the realm of all regular graphs:

Problem 2 Is it true that for each k and each ε > 0, there exists an integer g such that every bridgeless k-regular graph with girth at least g has circular chromatic index at most k + ε?

It is easy to show that the answer is positive if k = 2. Theorem 2 implies a positive answer for the case k = 3, too. Hence, the first open case is k = 4.

References

[1] P. Afshani, H. Hatami, R. Tusserkani, Circular edge chromatic number of cubic graphs, manuscript (2003).

[2] R. Aharoni, E. Berger, R. Ziv, Independent systems of representatives in weighted graphs, manuscript (2002).

[3] R. Aharoni, M. Chudnovsky, A. Kotlov, Triangulated spheres and colored cliques, Disc. Comput. Geometry 28 (2002), 223–229.

[4] R. Aharoni, P. E. Haxell, Hall’s theorem for hypergraphs, J. Graph Theory 35 (2000), 83–88.

[5] J. A. Bondy, P. Hell, A note on the star chromatic number, J. Graph Theory 14 (1990), 479–482.

[6] A. G. Chetwynd, R. J. Wilson, Snarks and supersnarks, in: The Theory and Applications of Graphs (G. Chartrand, Y. Alavi, D. L. Goldsmith, L. Lesniak-Foster, D. R. Lick, eds.), Wiley, New York, 1981, pp. 215–241.

[7] R. Diestel, Graph Theory, Graduate texts in Mathematics Vol. 173, Springer-Verlag, New York, 2000.

[8] J. Edmonds, Maximum matching and polyhedron with (0, 1)-vertices, J.

Res. Nat. Bur. Standards B 69 (1965), 125–130.

[9] M. Fellows, Transversals of vertex partitions in graphs, SIAM J. Disc. Math.

3(2) (1990), 206–215.

[10] A. Galluccio, L. Goddyn, P. Hell, High girth graphs avoiding a minor are nearly bipartite, J. Combinatorial Theory Ser. B 83 (2001), 1–14.

[11] P. E. Haxell, A condition for matchability in hypergraphs, Graphs and Combin. 11 (1995), 245–248.

[12] F. Jaeger, T. Swart, Conjecture 1, in: Combinatorics 79 (M. Deza, I. G.

Rosenberg, eds.), Ann. Discrete Math. Vol. 9, North-Holland, Amsterdam, 1980, p. 305.

[13] M. Kochol, Snarks without small cycles, J. Combin. Theory Ser. B 67 (1996), 34–47.

[14] R. Meshulam, The clique complex and hypergraph matching, Combinatorica 21 (2001), 89–94.

[15] R. Meshulam, Domination numbers and homology, J. Combin. Theory Ser.

A 102 (2003), 321–330.

[16] J. Petersen, Die Theorie der regulären Graphen, Acta Math. 15 (1891), 193–220.

[17] P. D. Seymour, On multicolorings of cubic graphs and the conjecture of Fulkerson and Tutte, Proc. London Math. Soc. 38(3) (1979), 423–460.

[18] E. Steffen, X. Zhu, On the star chromatic number of graphs, Combinatorica 16 (1996), 439–448.

[19] A. Vince, Star chromatic number, J. Graph Theory 12 (1988), 551–559.

[20] V. G. Vizing, On an estimate of the chromatic class of a p-graph (in Russian), Diskret. Analiz. 3 (1964), 24–30.

[21] J. J. Watkins, R. J. Wilson, A survey of snarks, in: Graph Theory, Combinatorics and Applications (Y. Alavi, G. Chartrand, O. R. Oellermann, A. J. Schwenk, eds.), Wiley, New York, 1991, 1129–1144.

[22] X. Zhu, Circular chromatic number: a survey, Discrete Math. 229 (2001), 371–410.