(SUB)FIT BIFRAMES AND NON-SYMMETRIC NEARNESS
JORGE PICADO AND ALES PULTR

ABSTRACT. The non-symmetric (quasi-)nearness and its generalized admissibility is
studied both in its biframe and paircovers aspect and in the perspective of entourages.
The necessary and sufficient condition for a biframe to carry such an enrichment is

shown to be a biframe variant of subfitness (resp. fitness, in the hereditary case).

INTRODUCTION

The standardly used concept of nearness in the pointfree context ([3, 1]) is that of a
system of covers N of a frame L, admissible in the sense that each a € L is the join of
all the x uniformly below it. It is expedient for many purposes, but sometimes it does
call for modifications.

First, it makes sense in the regular frames only. No wonder, in this form of admissi-
bility it is in fact the extension of Herrlich’s regular nearness ({10, 11]) which in spaces
needs regular carrier as well. The general space nearness can be defined on much more
general spaces, and can be extended to the pointfree context so that it is definable on
all subfit frames.

Second, one is sometimes interested in the non-symmetric variant which (even in
the regular case) cannot be dealt simply with covers that make everything naturally
symmetric.

In this paper we discuss the nearness extended in both the mentioned directions:
it is generalized in the sense the cover nearness was generalized in [12], and it allows
for non-symmetry as well. For the latter we exploit the Weil (entourage) approach
([17, 19]): unlike covers, the “neighbourhoods of the diagonal” do not create any a
priori symmetry. But we do use the so called paircover approach as well (]9, 5]), and
also the technique of biframes similarly as it has been used in more special context in

[6, 7, 8] and other papers. In fact it turns out that the entourages naturally induce a
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biframe structure on a frame, too, so that the biframe context and techniques come
quite organically, after all.

In the biframe discussion of (generalized) nearness one encounters inherent concepts
of biframe fitness and subfitness analogous with the homonymous frame notions in the
same way as the biframe regularity extending the frame one. It may be of interest that
although one gets the subfitness as a necessary and sufficient condition of the existence
of nearness in the quite general context again (and fitness as the hereditary variant), it
is not quite a smooth extension (while the fitness is): one gets in fact a weaker and a

stronger variant (the stronger one being the actual necessary and sufficient condition).

1. PRELIMINARIES

1.1. We will use the standard terminology and notation for posets. In lattices the
meet will be denoted as a rule by a Ab, a; A+ -+ Aay, ete., the meet (infimum) of a subset
A in a complete lattice will be denoted by A A; similarly we use a Vb, a1 V---V a, etc.
and \/ A for joins (suprema).

The bottom (the smallest element) of a poset will be as a rule denoted by 0 and the
top (the largest element) by 1.

Recall that a Heyting algebra is a lattice with an extra binary operation x —y on L
satisfying

aNb<c iff a<b—c (Heyt)

(there is hardly any danger that the “=” be confused with the arrow sign for a mapping
asin f: A — B). From (Heyt) one can immediately infer rules like (\/ a;) —b = A(a; —
b), that a—b = 1 iff a < b, and further a < b—a, or (a Ab)—c=a— (b—c), to be
used without further mentioning.

1.2. Recall that a frame is a complete lattice L satisfying the distribution law

(/A rb=\/{anb|ac A} (frm)

for all subsets A C L and elements b € L.
Thus, the mapping x — x A a preserves suprema and has a right Galois adjoint

y — a—y which makes a frame a Heyting algebra.

A frame homomorphism h: L — M preserves all joins and all finite meets. The
resulting category is denoted by

Frm,

and its dual, the category of locales is denoted by

Loc
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and can be viewed as category of generalized spaces (the relations of frames and spaces
is naturally contravariant).

The morphisms of Loc will be represented by the localic maps f: L — M defined
as the right Galois adjoints of the frame homomorphisms h: M — L (that is, maps
L — M such that h(z) <y iff z < f(y)).

For more about frames and locales see, e.g., [23] or [14].

1.3. Subspaces of locales (viewed as generalized spaces) are represented by sublo-
cales. A sublocale S of a frame (locale) L is a subset S C L such that

(S1) for every M C S, A M € S (thus in particular, the top 1 is in ), and

(S2) for every s € S and every x € L, z— s is in S.

Sublocales are precisely such subsets for which the embedding map j: S S Lisa (one-
one) localic map; thus, the embedding of sublocales are precisely the right adjoints of
the onto frame homomorphisms (which are often used to represent generalized sub-
spaces). The frame homomorphism associated with the embedding j: S — L, called
nucleus, will be denoted by
vs: L — S.

Sublocales of L ordered by inclusion constitute a co-frame SI(L) (a complete lattice in
which one has the distribution rule dual to (frm) from 1.2) with the meets coinciding

with intersections, the suprema given by

\/Si:{/\M | MEUS&

the zero O = {1} and the top 1 = L. The correspondence S — vg is a dual isomorphism
between S/(L) and the lattice (frame) of nuclei, in which the meet is computed as

(Avi)(x) = A\vi(x).
Open resp. closed subspaces associated with elements a € L are represented by open

resp. closed sublocales
o(a)={a—zx|zel}={xel|a—z=x} resp. c(a)="a;

they are complemented with each other and one has o(\/ a;) = \/ 0(a;) and o(a A b) =
o(a) No(b). The associated nuclei are vy () = a — x and v (r) = a V z. (See
23, 20].)

1.3.2. Open and closed sublocales reflect in general sublocales by the natural law
o(a)NS =o0g(rs(a)) and c(a)NS =cg(rs(a))
(see [23], I11.6.2).

Further rules we will use:

1.3.3. Lemma. (1) For each S € SI(L), o(a) NS # O iff o(a)N S # O.
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(2) ¢(b) C o(a) iff aVb=1.

C
(3) o(a) Ne(b) # O iff a £ b.
1) o(a)NS =0iff S Cc(a)iff S C c(a)iff o(a) NS = O.

)
(2) =: If ¢(b) C o(a) then L = ¢(b)Vo(b) < o(a)Vo(b) =o0(aVb) and hence aVb = 1.
<: If aVb=1 then o(a) Vo(b) =1 and ¢(b) C o(a) by complementation.

(3) o(a) Ne(b) = O iff o(a) C o(b) iff a < b. O

1.4. Sublocales and subframes. Each sublocale is a frame, but this concept
should not be confused with that of a subframe where the embedding is a frame homo-
morphism. We will need to understand the following construction with subframes and
sublocales. Suppose that we have a subframe L’ C L and a sublocale S C L with the

associated frame homomorphism vg: L — S. Then we have the frame homomorphism
Ry S BN~
and hence an onto frame homomorphism
p=(r—vs(x)): L' - vg[L'].

Now obviously vg(L) is a subframe of S. It is not precisely a sublocale of L': it
is a subset of L but not necessarily a subset of L’; but it is almost that: if we set
S ={x |z =\V{y | plx) = u(y)}} then S’ is a sublocale of L’ isomorphic with the
vs[L'] by the isomorphism = — vg(x).

1.5. Fit and subfit. According to Isbell [13], a frame is fit if each closed sublocale
is an intersection (meet) of open sublocales, that is, using 1.3.3,

Vae L, c(a)=()o(x)|o(z)2c(a)} = [o(z) |aVa=1}
which can be expressed as
atb = 3de, aVe=1and c—=b<£b.
A frame is subfit if each open sublocale is a join of closed ones, that is,
Vae L, o(a)=\/{c(z)|avae=1}.
This can be expressed by
atb = 3e,aVe=landbVe#l
Subfitness is sometimes referred to as conjunctivity (Simmons [27]).

A sublocale of a fit locale is fit, while subfitness is not hereditary. In actual fact,

fitness is hereditary subfitness. This is a standard fact, but we will present a short
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proof (first, because it is much shorter than what can be usually found in literature,

and, second, because the same procedure will be use later in the biframe context).

Proposition. If every sublocale of a locale L is subfit then L 1is fit.
Proof. Suppose it is not. Then there is an a € L such that

¢(a) 25 =(Yolz) | avz=1}.
Thus, there is a b € S that is not in ¢(a). We have a € S (since (a V z) —a = (a—
a)A(xr—a)=xz—a)and b€ S, a £ b. Suppose aVe=1foraceS. Since c € S and
aV e =1 (so that c(a) C o(c) and hence S C o(c)) we have in particular ¢ € o(c) and
hence c =c—c=1. Thus, bV ¢ =1 and S is not subfit. [

2. BILOCALES

2.1. Recall that a biframe ([2]) is a triple (L, L1, La) of frames where L;, Lo are
subframes of L and

Va € L, a:\/{al/\ag | a; € Liya1 Nag < a}.

The frame L is usually called the total part of the biframe.

A biframe homomorphism h: (L, Ly, Ly) — (M, My, Ms) is a frame homomorphism
h: L — M for which h[L;] C M; (i = 1,2).

In the sequel, we use L;, L; to denote L or Lg, always assuming that 4,5 = 1,2,

i # 7.

2.2. Subbilocales. Let (L, L1, L2) be a biframe. A subbilocale of (L, L1, L) is a
(S, S1,S52) where S is a sublocale of L and S; = vg[L;] for i = 1,2 (cf. 1.4).

2.2.1. Observation. Fach subbilocale of a biframe is a biframe.
Proof. 1f a € S we have

a=vg(a) = VS(\/{al Nag | a; € Liya; Nag < a})
= \/{Vg(al) AN VS(CLQ) ‘ a; € L;,a1 Nas < CL},

and vg(a;) € S;. O

2.3. Regularity, fitness and subfitness in biframes. We will extend the defi-
nition of fitness and subfitness to biframes in analogy with the extension of regularity.
In the next section we will see that it is not just a formal matter: the concepts will be
seen to be equivalent with another important property.

Recall that a biframe (L, L1, L) is said to be regular ([2]) if

Va € L;, az\/{ceLi\c<ia},
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where ¢ <; a means that there is a b € L; (j # i) such that cA\b=0and aVvb=1

(equivalently, ¢ <; a iff ¢®* V a = 1 where ¢® is the biframe pseudocomplement
ViveLlyne=0)
of ¢ in L; [26]).
2.3.1. Proposition. A biframe is reqular iff
Voe Li,Vxe L, afxz=3beLj:aVb=1,0b" £u. (Reg)

Proof. =: Let a £ x with a € L; and « € L. Since a = \/{c € L; | ¢ <; a}, there
is a ¢ € L; such that ¢ <; a and ¢ f x. Let b=c* € L;. Then bV a = 1 and since
b =c*>¢, b* £ x.

«<: By contradiction, if a € \/{c € L; | ¢ <; a} then there is some b € L; with
aVb=1and b* £ \/{c € L; | ¢ <; a}. But this is a contradiction since b* € L; and
b* <; a (indeed, b**Va>bva=1). O

2.3.2. Recall 1.5. We define a biframe (L, L1, Ly) to be fit if
Va € Li, c(a) = {o(d) | b€ Lj,0(b) 2 c(a)} =(){o(b) [ b€ Lj,avb=1}.
Similarly, we say that a biframe (L, L1, Lo) is subfit if

Va € Li, o(a) =\/{c(b) | b€ Lj,c( a)} = \/{c(b) | b€ Lj,avb=1}.

2.3.3. Using De Morgan law in the co-frame S/(L) we immediately obtain
Proposition. Every fit biframe is subfit. [

2.4. Proposition. A biframe is fit iff
Voe Li,Ve €L, afx=3beLj:aVb=1b—x £z (Fit)
Proof. =: Let a « x with a € L; and € L. We have
¢(z) € ¢(a) =ta=(){o(d) | b€ Lj,avb=1}

and consequently there is a b € L; such that a Vb =1 and ¢(z) € o(b). Furthermore,
if b -+ 2 =a for all b € L; such that a Vb =1 then a < z.

«: Let a € L;. By contradiction, if ¢(a) & ({o(b) | b € L;,a Vv b = 1}, then there is
an s in the intersection of such opens o(b) with s ¢ c(a), that is, s # a. By hypothesis,
there is a ¢ € L; such that ¢Va =1 and ¢ — s £ s. Since c is one of those b’s, s € o(c),
that is, s = ¢ = x for some x € L. Then we get a contradiction:

c—ws=c—(c>r)=c—x=s 0
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2.5. Proposition. A biframe is subfit iff
Va € Li,Vx,ye L, afy—x=3beLj:aVb=1y<LbVu. (Sfit)

Proof. o(a) = \/{c(b) | b€ L;j,aVb =1} is the same as o(a) C \/{c(b) | be Lj,aVb=
1}. Set S = \{c(b) | b € Lj,aVb=1}. In the language of nuclei we have vy, > vg
and hence, by 1.3.1,

a—x > /\{a\/:c |be Lj,aVvb=1}
for all x; thus, if y < bV x for all b € L; such that a Vb =1 we have y < a— x, that
is,a <y—zxz. U

2.5.1. In particular, if a biframe is subfit then the case y = 1 yields
Voe Li,Nr €L, afx=3beLj:aVb=1#2zVb (%)

the standard formula for subfitness in frames. The reader may wonder what makes the
difference, that is, why the (x) fails (or at least seems to fail) to characterize subfitness
also in the biframe context. If we have a f y — x, that is, a Ay ﬁ x, the standard
subfitness gives a b € L such that a Vb =1 # bV x but such b is not necessarily in L;.

The difference can be seen already in spaces. We have

2.5.2. Proposition. Let (X,01X,02X) be a bitopological space. Then, denoting
by Cl, Cl; and Clgy, respectively, the closures in OX = O1X V O X, 01X and O X,
we have:

(1) (X,01X,0:X) satisfies (x) iff for any A € O; X (i = 1,2) and any x € A,
there is a y € Cl({x}) such that Cl;({y}) C A (j #1).

(2) (X,01X,0:X) is subfit iff for any A € O; X (i = 1,2), U € OX and any
xe ANU, there is a y € Cl({z}) NU such that Cl;({y}) C A (j #1i).

Proof. (1) =: Let Ac O; X,z € Aand V = X N\ Cl({z}). By the hypothesis, there
is a B € O;X such that AUB = X # V UB. Any element in X \ (V U B) is the
required y.

<: Let A€ O;X and V € OX with A € V, 2 € ANV and the corresponding y
given by the hypothesis. Then B = X \ Cl;({y}) € O;X satisfies AU B = X (since
Clij({y}) € A) and VUB # X (since y € Cl({z}) C X \ V).

(2) =: Let A € O;X,U € OX and x € ANU. Take V = X \ Cl({z}). By
the hypothesis, there is a B € O;X such that AUB = X and U ¢ BUV. In

particular, there is a y € U that is not in B U V. Clearly, this is the required ¥, since
Cl;({y}) C X B C A.

<: Let A€ O;X and U,V € OX with ANU ¢ V. Consider z € (ANU) NV and
the corresponding y given by the hypothesis. Then B = X \ Cl;({y}) € O;X satisfies
AUB =X (since Clj({y}) CA)and U € BUV (since y € Cl({z}) C X \V). O
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2.5.3. It may be of interest to see a “Heyting” reason why (Fit)=-(Sfit), without
reference to the coframe SC(L):

Let a £ © — y. Then, by (Fit), there is a b € L; satisfying a Vb = 1 and
b— (x —y)£x—y. ThenbVa=>Vy leads to a contradiction:

b= (z—y)=0bAx)=y=(bAz) >y ANy—y) =((bAx)VYy) —y=
=((bAy)Vr)=y=(0Ay) »y)AN(z—=y) <z =y

2.6.1. Proposition. A subbilocale of a fit biframe is fit.
Proof. Let a =vg(a) € S;, a € L;. Then cg(a) = c(a)NS and ¢(a) = A{o(z) | ¢(a) C
o(x), z € L;} so that

cs(a) =50 N{o(x) | c(a) Co(z), z € Lj} = \{o(x) NS | c(a) C o(x), = € Ly}.
By 1.3.1, o(z) N S = 0g5(rvs(x)) and hence the statement follows. [

2.6.2. Proposition. A biframe is fit iff each of its subbilocales is subfit.

Proof. 1t suffices to prove that if every subbilocale of a biframe (L, L1, L) is subfit
then (L, Ly, Lo) is fit. Suppose it is not. Then there is an ¢ and an a € L; such that
¢(a) C N{o(z) | c(a) Co(z), z € L;}. Thatis, thereisa bin ({o(z) | ¢c(a) C o(z), = €
L;} that is not in ¢(a). Set

S =({o(z) | ¢(a) Co(x), x € L;}.
We have a £ bin S and a = vg(a) € S;. Suppose aVe=1forace S;. Sincece S

and a V¢ =1 (so that ¢(a) C o(c) and hence S C o(c)) we have in particular ¢ € o(c)
and hence c =c—c=1. Thus, bV ¢ =1 and S is not subfit. [

3. BIFRAMES AND QUASI-NEARNESS

The cover approach (Tukey 1940) does not allow, without radical modification, a
non-symmetric variant of the concept of nearness while there are no such obstacles
when approaching the structures in the entourage way (Weil 1938). Thus, the reader
may expect us to proceed right away to the latter. This will be discussed in the
following section; first, however, we will approach the non-symmetry, via biframes and
their paircovers. This is not an idle detour. It will be seen that even if one decides for

the entourages, the biframe structure naturally emerges.

3.1. (Generalized) nearness. The standard cover nearness structure in the point-
free context ([3, 1, 4]), as compared with the nearness as defined originally in spaces
by Herrlich (see [10, 11]) corresponds, rather, to the reqular nearness. The pointfree

structure corresponding to general nearness (or, rather, its general admissibility) was
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introduced in [12]. As in the regular case, a cover of a frame L is a subset A C L such
that \/ A = 1, a cover A refines a cover B, written A < B, if for every a € A there is a
b € B such that a < b, covers A, B have a common refinement

ANB={aNb|ac Abec B},

and a nearness N is a filter in the preorder of refinement. The difference comes with
the definition of admissibility: whereas in the standard (regular) case we assume that
for each a € L, a = \/{z | 3C € N,Cx < a}, in the generalized case one requires that

o(a) = \/{S € SUL) | 3C € N,CS < a}. (gadm)
Here,
Cr=\/[{ceC|lcrz#0} and CS=\[{ceC|o(c)nS#0};

hence Cz < a iff Co(z) C o(a), that is, the former is the latter reduced to the open
sublocales only. Now if we recall 1.3.3.1 we see that we can reduce (gadm) to

o(a) = \/{c(z) | 3C € N, Ce(z) < a}

and hence each L admitting a nearness is subfit (recall 1.5). In fact, one has (see [12])

that L admits a (generalized) nearness iff it is subfit.

3.2. Paircovers. A subset C' C L; X Ly is a paircover of a biframe (L, Ly, Lo) if
6 = {Cl N Co | (Cl,CQ) S C}

is a cover of L (cf. [5, 6]). A paircover C is strong if, for any (c1,c2) € C, c1 Aca =0
implies (¢1,c2) = (0,0).
A paircover C refines a paircover D, written C' < D, if for every (c1,c2) € C there is

a (di,d2) € D such that ¢; < d;, i = 1,2. Paircovers C, D have a common refinement

CNAND = {(Cl Adi,co N\ dz) ‘ (01,62) e C, (dl,dg) S D}

3.2.1. For any paircover C of (L, L1, Ly) and any x € L define
Ciz = \/{01 | (c1,e2) € C, ca Nz #0}, Chr = \/{02 | (c1,c2) € C, x AN ey # 0}
and CD = {(Cldl,Cng) | (dl,dz) € D}

3.2.2. Observations. For every x,y € L and every paircovers C, D, we have:
(1) C<D & z<y=Ciz<Dy (i=12).
(2) Ci(D;x) < (CD)zx (i =1,2).
(3) If Cixz < y then x <y, that is, x*Vy =1 (i = 1,2). In case z,y € L; then
Cix <y implies x <; y.
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More generally, for a sublocale S of L set
1S =\/{a| (a,b) € C, o(b)N S # 0O} and
C2S = \/{b| (a,b) € C, o(a) N S # O}.

3.2.3. Observations.

(1) CiS<a, DT <b=(CAD);(SNT)<aAb (i=1,2).

(2) If C;S < a then S Co(a) (i =1,2).

(3) Cio(x) =Cix (i=1,2).

(4) C’lc( )=V{a| (a,b) € C,b £z} and Cac(x) = \/{b] (a,b) € C,a £ z}.
(5) C:S=C;S (i=1,2).

(For the last one recall 1.3.3.1.)

3.3. In a biframe (L, L1, Ly) one has more: for a sublocale S of L let

=(Ve(@) |a€ Li,S Ce(a)} =c(\/[{a € Li | SCc(a)}) (i=1,2).
Of course, S < S < cl;(S).
3.3.1. Lemma. (1) Let a € L;. Then o(a)NS =0 iff o(a) Ncly(S) =O0.
(2) For each paircover C' and each sublocale S of L, C;S = Cjcl;(.5).
Proof. (1) o(a)NS =0« S <c(a) < cli(5) <cla) < o(a)Ncly(S) =0.
(2) This is an immediate consequence of (1):

C1S = \/{a| (a,b) € C,0(b) N S # O}
=\/{a| (a,b) € C,0(b) Ncly(5) # 0}. O

3.4. It follows immediately from 3.3 that
V{8 eS(L)|3IC e N: C;S < a} = \/{cl;(S) | AC € N, Cycl;(S) < a}

= \/{c(b) | b€ L;,3C € N, Cie(b) < a}

and we may introduce the quasi-admissibility of a system of paircovers N by requiring
that

Va € Li, o(a)=\/{S€SI(L)|3C €N, C;S < a}.

3.5. A quasi-nearness on a biframe (L, L1, L) is a non-void set N of paircovers
such that

(N1) The family of strong paircovers of N is a filter-base for A/ with respect to A
and < defined above, and

(N2) N is quasi-admissible.
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3.6. Proposition. A biframe admits a quasi-nearness iff it is subfit.

Proof. = follows from 3.4.

«<: We will use the subfitness condition from 2.3.2 to prove the formula in 3.4 for
the system of all paircovers. Let a € L. Consider a b € Lg such that ¢(b) C o(a) (that
is, such that a Vb = 1). We will prove that Cy¢(b) < a for a suitable paircover C. Take

C={(a,1),(1,0)}.

Since b < b we have 0(b) N ¢(b) = O and hence in Cyc(b) only (a,1) qualifies and

01C(b) S a. [

JFrom 2.6.1 we now immediately obtain

3.6.1. Corollary. A biframe (L, L1, L) is fit iff each of its subbilocales admits a
quasi-nearness. [

4. (GENERALIZED) NEARNESS: ENTOURAGES

In this section we will discuss, at last, the general nearness based on entourages
(modelling the “neighbourhoods of the diagonal”). As it was mentioned earlier, here
there is no immediate preference of symmetry. But a biframe and paircover structure
emerges anyway, and the reader will see that the other approach is natural, and may
be even preferred for some purposes.

Recall that the product L@ L of a locale L (i.e., the coproduct of L by itself in Frm)
can be constructed as follows (see e.g. [23, 14]):

First take the Cartesian product L x L as a poset and the corresponding set of
down-sets

DL xL)={UCLxL|{U=U #0}.
CallaU € ©(L x L) saturated if

(1) VACL, Voe L, Ax{b} CU = (VA,b) eU.
(2) VBC L,Yae L, {a} x BCU = (a,\/B) eU.

(A and B can be void and hence, in particular, each saturated set contains the subset
n = {(a,0),(0,b) | a,b € L} and for each (a,b) € L x L,

a®b=1](a,b)Un

is saturated).
Then L & L is the frame of all saturated U in ©(L x L).
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An element E of the localic product L & L is an entourage of L whenever

\V{z|(z,2) e E} =1 ([16, 19)).
Let E € L ® L (or, more generally, a down-set of L x L). For an z € L we write
Eix = \/{a | (a,b) € E;bAx #0} and Fox = \/{b | (a,b) € E;a Az #0}.
We have, among other, the following obvious

4.1. Observations. For anyz,y € L, E,F € L& L and i,j = 1,2 (i # j),

(1) if EC F and x <y then E;x < Fyy,

(2) Ei(Fiz) < (Eo F)r,

(3) (B = Ego (where B = {(y,2) | (x,) € B}),
(4) EBEsx Ny =0 iff ct N Ejy =0.

More generally, for a sublocale S of L, we set
E1S =\/{a| (a,b) € E,0(b)N S # 0} and
EyS =\/{b| (a,b) € E,0(a) N S # O}.

4.2. Proposition. For any E,F € L& L and S, T € SI(L),

1) if ECF and S <T then E;S < F;T,
P2) E;(F;S) < (EoF);S,
P3) (E~1),S =E;S,
P4) Eio(z) = E;x,

)

)

)

P5) Eic(z) = \{a| (a,b) € B,b £ 2}, Eac(z) = \V{b| (a,b) € E,a £ x},
P6) E;S = E,8S,
P7) E;S = Eicl;(9),

8) if E is an entourage and E;S < a then S < o(a).

Proof. (P1), (P2) and (P3) are obvious. (P4) is a consequence of the fact that
o(a) No(zx) = O iff a Az = 0, (P5) is a consequence of the fact that o(a) N¢(z) = O
iff @ < z, while (P6) follows from the equivalence o(a) NS = O < o(a) NS = 0. (P7)
follows similarly as in 3.3.1.

(P8): By (P6), it suffices to prove that E;S < a = S < o(a). Since E is an

entourage,

(P
(
(
(
(
(
(
(P

S=38no(\/{z|(z,2) € E}) =5 \/{o(z) | (z,z) € E}.
We are in a co-frame, nevertheless the distribution law

Sn\/{o() | (z,2) € B} = \/{SNo(x) | (x,2) € E,SNo(x) # O}
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holds since S is complemented. Then it follows from E;S < a that x < a and thus
V{SNno(z)| (z,z) € E,SNo(x) # 0} <o(a). O

Whenever E is a symmetric entourage (i.e., E=! = FE) we denote the common
element F1S = E5S just by ES.

Now, for an A € ©(L x L) we define

ro(A) = {(z, \/ 9) | {z} x S C AU {(\/ S,9) | S x {y} € A}
and let k(A) denote the element ({E € L& L | E D A} of L& L. The following useful
fact generalizes Lemma 3.1 of [18]:
4.3. Lemma Let A € O(L x L). For any sublocale S of L and i = 1,2,
k(A);S = A;S.
Proof. Consider a sublocale S of L and the non-empty set
E={UeD(LxL)|ACUCk(A), U;S=A,S}.

(1) If U € &€ then ko(U) € £. Indeed:

It suffices to check that ko(U)1S < Uy S. Consider (a,b) € ko(U) with o(b)N.S # O).
If (z,y) = (z,VY) for some Y such that {z} x Y C U, then there is a non-zero
y' € Y such that o(y') NS # O and (x,y') € U, and therefore x < Uy S. Otherwise, if
(z,y) = (V X,y) for some X with X x {y} C U, then, immediately, z = \/ X < U;S.

(2) For any non-void & C &, JX € &, since [JA;S = Vex UiS. Consequently,
T = Upeg U belongs to &, i.e., £ has a largest element T'.

(3) Then, by (1), ko(T) € €. Hence T' = ko(T),i.e., T € L&AL. Finally, k(A) =T € £
and therefore k(A);S = A;S. O

4.3.1. This helps in computing the result of the operators F1S and FE»S for a
concrete /. For example, for the entourage

E®=(a®@1)V(1Db)
where a,b € L satisfy a Vb = 1, we have
(E™)1¢(b) = [(a® 1) U (1 & b))1¢(b)
=\{z|(@y) ecl@a@)u(lab),yLb=a

and similarly

(Eab)zc(a) =b. (%)

4.4. A quasi-nearness on L is a nonvoid system A of entourages in L such that:
(NI) FEeN & ECF=FeN.
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(N2) E,Fe N=ENFeN.

Of course, if N is a quasi-nearness on L, then the filter N’ ~! consisting of the inverse

entourages E~! (E € N) is also a quasi-nearness on L.

4.5. Proposition. Let N be a quasi-nearness on L. For each i = 1,2,
L;(N) = {aE Llo(a)= \/{SESZ(L) | E;S < a for some E EN}}

is a subframe of L.
Proof. We prove it for Li. Obviously 1 € Ly, and 0 € L by (P8).
(1) Ly is closed under binary meets: in fact, if a,b € L; then
o(aAb) =o0(a)Ao(b)
=\/{SNT|S,Te8(L),3E,FeN,E S <a, T <b}
<\/{SeS(L)|IE € N,E1S < a Ab}
< o(aANb)

where the last inequalities are consequence of (P1) and (P8) respectively.
(2) L is closed under arbitrary joins: if a; € Ly (i € I) then

o(\/ ai) = \/ o(a;) = \/ \/{S € SUL) | IE; € N, (Ei)1S < a;}
iel iel el
=\/{S€eS8(L)|3E € N Fi € I,ES < a;}
< \/{S e SI(L)|FE e N,E1S < \/ai}
el

< 0(\/ CL@'). U]

el

4.6. We say that the pair (L,N) is a quasi-nearness frame whenever the quasi-

nearness N is quasi-admissible on L, that is, whenever
(N3) the triple (L, L1(N), L2(N)) is a biframe.
We refer to (L, L1(N), Ly(N)) as the biframe induced by N on L.

Note that this is an extension of the symmetric quasi-admissibility condition. Indeed,
whenever N is symmetric, that is,
(N4) EeN=>E1eN

then, evidently, L1 (N') = La(N) and therefore (N3) means precisely that L = Li(N) =
La(N).
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On the other hand, for a general non-symmetric nearness N, axiom (IN3) means that

any x € L is of the form

x = \/(3311 A z?)
i€l
for some z} € L1(N) and 27 € Lo(N'), where for any i,

=\/{c(t) | IE € N, Eqc(by) < 2}
and
= \/{c(b2) | 3F € N, Fae(by) < a7}
But by (P1) and (P3), if Fic(b1) < x! and Fyc(be) < 22, then
(ENF Ye(by Vo) <zp A2,
Consequently, if we denote by N the nearness generated by the quasi-nearnesses N

and N1, that is, the filter of entourages generated by {ENE~! | E € N'}, we may

write

o(z) = \/[o(z}) Ao(a?)]

il

= \/{ b1 b2 ’ dE, F EN Elc(bl) <z FQC(bg) < :U}

< \/{c(®) | 3E € N, Ec(b) < z} < o(2).
Hence,

o(x) = \/{S € SUL) | 3IE € N, ES < x}
for every x € L.
Remark. Note that if N is a quasi-admissible quasi-nearness on L, then its conju-

gate N1 is also a quasi-admissible quasi-nearness on L.

Analogously with 3.6 we have

4.7. Proposition. A frame L admits a quasi-nearness iff it is the total part of a
subfit biframe.

Proof. Let (L, N') be a quasi-nearness frame with induced biframe (L, L1(N), Lo(N)).
Then, for each a € L;(N), using properties (P7) and (P8) we may obtain

:\/{SESé(L) | E;S < a for some F € N'}
< \/{cl- S) | Eicli(S) < a for some E € N'}
—\/{ )| be Lj,Eic(b) <a for some E € N'}
< \/{e®) [beLjavb=1} <o(a),

which shows that (L, L1 (N), L2(N)) is subfit.
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Conversely, let (L, L1, L) be a subfit frame and let N be the quasi-nearness on L
generated by the subbasic family of entourages

{E®|a€Li,be Ly,aVb=1}

with induced subframes Li(N) and Ly(N). By the subfitness of (L, L, Lo) and iden-
tities (x) and (k%) in 4.3.1, we get immediately for each a € L;,

o(a) = \/{c(b) [b€ Lj,aVvb=1}
<\/{SeSUL)|3E €N,ES < a} <o(a).

This means that L; C L;(N) for i = 1,2. Hence (L, L1(N), La(N)) is also a biframe
and (L,N) is a quasi-nearness frame. [

Remark 4.8. As we have proved elsewhere (see [16, 17, 18, 21, 22]), there is a
Galois correspondence between the cover and the entourage structures, which yields
an equivalence precisely in the quasi-uniform setting (the non-symmetric case) and the
uniform one (the symmetric case): the refinement axiom is crucial for our proof of
the isomorphism. In the generalized nearness setting, as it is shown in the present
paper, there is still a striking parallel between the two approaches (in the sense that
every result one gets on the former has a corresponding exact counterpart concerning
the latter). It remains an open problem to decide wether they produce isomorphic
categories; the answer in the positive would be a surprise, though.
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